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Resume. On generalise la demonstration du theoreme du disque topologique de Reifen- 
berg pour inclure le cas d'ensembles ayant des trous, et on donne des conditions suffisantes 
sur I'ensemble E pour I'existence de parametrage de E par un plan affine ou une variete de 
dimension d. L'une de ces conditions porte sur la sommabilite des carres des nombres de 
P. Jones f3i{x,r), et s'applique en particulier aux ensembles localement Ahlfors-reguliers 
et a I'existence de tres grand morceaux d'images bi-Lipschitziennes de M'^. 

Abstract. We extend the proof of Reifenberg's Topological Disk Theorem to allow the 
case of sets with holes, and give sufficient conditions on a set E for the existence of a 
bi-Lipschitz parameterization of -E by a (i-dimensional plane or smooth manifold. Such a 
condition is expressed in terms of square summability for the P. Jones numbers Pi{x,r). 
In particular, it applies in the locally Ahlfors- regular case to provide very big pieces of 
bi-Lipschitz images of M.'^. 
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1. Introduction 

In this paper we take the usual proof of Reifenberg's well-known topological disk 
theorem, and make it work in several different contexts. Let us give a local statement for 
Reifenberg's theorem before we discuss it further. 

Theorem 1.1 [Rl]. For all choices of integers < d < n, and < r < 10~^, we can find 
£ > such, that the following holds. Let E C be a closed set that contains the origin, 
and suppose that for x G i? fl 5(0, 10) and < r < 10, we can find a d-dimensional affine 
subspace P{x,r) of M"' that contains x and such that 

dist(y, P(x, r)) < er for y E E H B{x, r) and 

dist(y, E) < er for y G -P(x, r) fl r). 

Then there is a bijective mapping g : — > such that 

(1.3) \g{x) -x\<T forxe R"", 



(1.4) -\x- y\^+^ < \g{x) - g{y)\ < 3\x - y\^-^ 
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for x,y eW^ such that \x — y\ < 1 and, if we set P = P{0, 10), 

(1.5) EnB{0,l)=g{P)nB{0,l). 

Thus we can get g to be bi-Holder with any exponent smaller that 1, if £ is assumed 
to be accordingly small. Of course the constant 10 is far from optimal here, and usually we 
do not need to know g far away from the origin. Also, we could replace 1/4 and 3 in (1.4) 
with constants that are arbitrarily close to 1 (see for instance [DDT]), but we shall make 
no serious attempts in this paper to prove (1.4) with such constants. Often the existence 
of a bi-Holder parameterization defined on P is enough, but in some cases it is good to 
know that it comes from a globally defined bi-Holder mapping. 

Recall that we cannot hope to get a bi-Lipschitz mapping g in general, because very 
flat snowfiake curves in MP can satisfy (1.2) with arbitrarily small values of s, but do not 
have finite length (and even have Hausdorff dimensions larger than 1). We cannot hope 
to always have a quasisymmetric parameterization either, this time because the product 
in of a snowfiake (in M^) and a line admits no a quasisymmetric parameterization [V]. 

We shall give a more global statement later (Theorem 12.3), where E is assumed to 
be close to some smooth subvariety Eq, and we get that E = g{Tio) on a more general set 
U. But the two statements are very similar. 

First we want to extend Theorem 1.1 to situations where we only assume that for 
X & E and < r < 10, we can find P{x, r) such that 

(1.6) dist(|/, P{x, r)) < er for y e E n B{x, r). 

Of course in this case we can only hope to get that E fl 5(0, 1) C g{P) n 5(0, 1) instead 
of (1.5), but even so we shall give in Counterexample 12.28 an example that shows that 
some additional compatibility condition between the P{x, r) is needed. Let us state this 
in terms of the following normalized local Hausdorff distances. Set 

(1.7) da;,r(-E',F) = -Maxj sup dist(?/,F); sup dist(?/,£')| 

f ^ y€EnB(x,r) y&FnB(x,r) ' 

for a; e R" and r > 0, and when E,F (ZW^ both meet B{x,r). [We shall not need the 
other case.] We shall assume that 

(1.8) 4,10-^ {P{x, 10-^=), P{x, lO-'^+i)) < e 
ioT X e E and A; > 0, and that 

(1.9) 4,10-^+^ {P{x, 10-^), P{y, lO-'^)) < 6 

when k > and x,y E E are such that \x — y\ < 10"'^"'"^. 

Here is the (local) analogue Theorem 1.1 in this context; see Theorem 12.18 for a 
more general statement. 
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Theorem 1.10. For all choices of integers < d < n and < r < lO"-*^, we can Gnd 
e > such that, if E C 5(0, 1) C M"" is a closed set that contains the origin, and if for 
X & E and < r < 10, we can find a d-dimensional afEne suhspace P{x,r) that contains 
X and such that (1-6), (1-8), and (1.9) hold for each k > 0, then there is a bijective 
mapping g : W ^ W such that (1.3) and (1.4) hold, and E C ^(P(0, 10)). Moreover, 
E = g{P{0, 10)) is Reifenberg-fiat, in the sense that for x G S and r > 0, there is an aSine 
d-plane Q{x,r) through x such that dx,r{^,Q{x,r)) < Cs. 

We are also interested in estimating the distortion of g, and in particular getting 
sufficient conditions on E that allow us to get a bi-Lipschitz mapping g. First suppose 
that we are in the context of Theorem 1.1, and express a sufficient condition in terms of 
the Jones numbers 

(1.11) f3oo{x,r) = ^ inf I sup { dist(2/, P) ; 2/ G E n S(a;, r)}}, 

where the infimum is taken over all d-planes P through x. [In the most usual variants, we 
do not require P to contain x, but in the present context x will always lie on E, so there 
is only a small difference.] Then set 

(1.12) Joo(x) = 5^/3oo(a;,10-'=)2 

fc>0 

for X E E. This type of function was introduced by C. Bishop and P. Jones in [BJ2] and 
used a lot by Bishop, Jones, Lerman, and others in the context of Lipschitz or nearly 
Lipschitz parameterizations, so it is not surprising that it shows up here too. See for 
instance [BJ], [DS1,3], [Jl], [J2], [JL], [Le], [Lr2], [PI]. 

Theorem 1.13. Let n, d, and E be as in Theorem 1.1, and in particular assume that 
for X & E n B{0, 10) and < r < 10, (1.2) holds for some d-plane P{x,r) through x. 
Assume in addition that J^o is bounded on E (1 B{0, 10). Then the mapping provided by 
Theorem 1.1 is also bi-Lipschitz: there exists C > 1, that depends only on n, d, and a 
bound for J^, such that 

(1.14) C-^\x-y\ < \g{x)-g{y)\<C\x-y\ forx.yeW. 

The reader will probably have a good idea of what happens in this paper by considering 
sets in the plane that are obtained from a line segment by a snowfiake construction, where 
each segment of the /cth generation is replaced with four shorter segments. We allow the 
angles that govern the construction to depend on the generation and even on the segment in 
a given generation, but demand that all these angle be small (so that we get the Reifenberg 
condition (1.2)), and even depend gently on k and the segment. 

With no further constraint on the angles, the limit set E is Reifenberg-flat, and we 
merely have a bi-Holder parameterization. But we can also choose the angles so that the 
sum of the squares of the angles used in the construction of the ancestors of any given 
segment be a bounded function. In this case. Theorem 1.13 applies. In fact, the limit 



3 



curve is chord-arc, and the existence of a bi-Lipschitz mapping of that sends the unit 
circle to the curve would also follow from an extension result of [Tu] or [JeK]. 

We can also think about similar constructions in higher dimensions, and get sufficient 
conditions (that are now further from being necessary). In a way, our proofs will say that 
this type of example gives a good idea of the general situation, because we shall rely on 
successive approximations of E by (i-planes, and worry about the square summability of 
the normalized distance between them. The fact that the planes do not correspond exactly 
to faces of intermediate objects will not matter much. 

We can also use the possibly smaller numbers 



(1.18) P,M^M{r-^f 



defined for x e E f] B{0, 10), < r < 10, and 1 < q < +oo, and where this time the 
infimum is taken over all (i-planes P through B{x, r). [We do not want to force P through 
X, because x may exceptionally be a little far from the best plane.] Then set 

(1.16) J,ix) = J2M^,^0~'f 

k>0 

ior X e En i?(0, 10). In the special case when E is locally Ahlfors-regular, i.e., when there 
is a constant C > 1 such that 

(1.17) C-^r'^ < H'^{E n B{x, r)) < Cr'^ for a; e E and < r < 10, 

Pq{x,r) < CPp{x,r) < C Poo{x,r) when 1 < q < p < +oo, by Holder's inequality and 
(1.17). 

Here is the analogue of Theorem 1.13 in this context. 

Theorem 1.18. Let n, d, and E be as in Theorem 1.1, and in particular assume that 
for X e E n 5(0, 10) and < r < 10, (1.2) holds for some d-plane P{x,r) through x. 
Assume in addition that Ji is bounded on E D B{0, 10). Then the mapping provided by- 
Theorem 1.1 is also bi-Lipschitz: there exists C > 1, that depends only on n, d, and a 
bound for Ji, such that (1-14) holds. 

Note that the Ahlfors- regularity property (1.17) is not used in Theorem 1.18 (although 
the lower bound will be proved in Lemma 13.6), but as long as we do not know that (1.17) 
holds, we cannot be sure that /3i(x, r) < C(3oo{x, r) and Ji < CJoo- [On the other hand, 
a posteriori, (1.17) holds if E is the bi-Lipschitz image of a d-plane.] 

The boundedness of Ji is not necessary for E to be the bi-Lipschitz image of a d-plane, 
but it is not too far off: some sort of BMO condition is needed. See Remark 15.38. 

See Corollaries 12.44 and 13.4 for more general analogues of Theorems 1.13 and 1.18. 

In codimension 1, we shall also give in Corollary 13.46 a sufficient condition for the 
boundedness of Ji (if E is locally Reifenberg-flat, as in Theorem 1.1 or 12.3), and hence 
for the existence of a bi-Lipschitz parameterization as above. This sufficient condition is 
expressed in terms of the unit normal to It is reminiscent of one of the equivalent 
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definitions of the Chord-Arc Surfaces with Small Constants introduced and studied by 
Semmes [Sel,2,3]. 

There is also a sufficient condition for g in Theorem 1.10 to be bi-Lipschitz, which is 
expressed in terms of the squares of the distances implicit in (1.8) and (1.9). That is, set 

ek{x) = 4,io-'=(^"(^, 10-"), lO-'^+i)) 

(1-19) + sup 4,10-^+1 (^(a^,io-'=),P(y,io-'=)) 

j/GSnB(a;,10-'=-2) 

for a; e £^ and /c > 0, and then 

(1.20) J(x) = ^£fc(a;)^ 

k>Q 

Theorem 1.21. Let n, d, and E he as in Theorem 1.10, and assume in addition that J 
is bounded on E. Then the mapping provided by Theorem 1.10 is also bi-Lipschitz, i.e., 
(1.14) holds with a constant that depends only on n, d, and a bound for J. 

See Corollary 12.33 for a more general statement. 

The various statements above, and their generalized counterparts, are all derived with 
the same algorithm, and slightly different parameters. The algorithm also allows a (single 
in our case) stopping time, which for instance allows us, when the functions Ji or Jqo 
above are unbounded, to get a bi-Lipschitz mapping g such that g{P{0, 10)) contains the 
points of X E E such that Ji(x), or Joo{x), is less than a constant. [See Remark 14.13.] 
This works best if we have a good control on Ji or Joo, as in the following. 

In the case of Reifenberg-flat sets (i.e., as in Theorem 1.1) that are also locally Ahlfors- 
regular (as in (1.17)), the mapping g provides a bi-Lipschitz image of a d-plane that covers 
most of -En 5(0, 1). This is not too surprising, because we could expect (and indeed show 
in Theorem 15.4 ), with such a strong assumption as local Reifenberg flatness, that E is 
locally uniformly rectifiable, and even contains big pieces of Lipschitz graphs. The fact 
that E n -6(0, 1) is almost covered by a bi-Lipschitz image of M'^ (but maybe in a larger 
R^) then follows from [DSl]. 

Anyway, we get a suitable control of Ji from the local uniform rectifiability of E, 
and this allows us to find a bi-Lipschitz mapping g such that g{P{0,2)) contains most of 
E n S(0, 1). See Theorem 14.1. 

What is new here is the fact that we do not need to enlarge the ambient space to 
construct bi-Lipschitz mappings defined on M.^, and that the bi-Lipschitz mappings in 
question even have a bi-Lipschitz extension to MJ^. 

Note that for Chord- Arc Surfaces with Small Constants (CASSC), this was known, 
and E even contains very big pieces of Lipschitz graphs [Sel,2,3]. Our case is somewhere 
in the middle (the CASSC are known to be locally Reifenberg-flat). 

When d = n — 1, and when we still assume (1.2) and (1-17), our construction will 
also give (disjoint) domains fli and 0,2, which are bi-Lipschitz images of half spaces, do 
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not meet E fl 5(0, 1), but are such that dQi fl dQi is contained in E and contains most 
of £■ n -8(0,1). The difference with a similar result of [DJ] that applies in the more 
general context of Condition B domains, is that we get very big pieces and a simultaneous 
approximation from both sides of the set. See Propositions 14.16 and 15.45. Also see 
Section 15 for other comments about the properties of locally Ahlfors- regular Reifenberg- 
flat sets and uniformly rectifiable sets. 

When E is locally Reifenberg-flat and Ahlfors-rcgular, the mapping g that we get 
from Theorems 1.1 and 12.3 is not bi-Lipschitz in general, but it is controlled by Ji, which 
is not so large (it satisfies BMO-type estimates, by local uniform rectifiability and the 
so-called geometric lemma from [DSl]). So our mapping g may potentially be useful for 
some problems. This is an interesting question which we do not pursue further at this 
moment. That is, we shall not try to follow up on the distortion estimates that we could 
deduce from Sections 7-11 and the geometric lemma. 

Recall that for uniformly rectifiable sets, we have reasonable parameterizations that 
are not Lipschitz, but controlled by an Ai weight (Condition C7 on page 14 of [DSl]). 
These parameterizations are neither injective nor surjective, though. On the opposite end, 
Semmes [Se2] gives good parameterizations of the CASSC, with an control on the 
derivative, with p < +oo as large as we want. The authors did not check whether his 
parameterization extends nicely to M". 

We return to the general case of Theorem 1.1 or 12.3. Observe also that g may be 
used to find a Holder retraction from a neighborhood of E onto E, or a Holder reflection 
across E, and again these mappings should not be far from Lipschitz when E is locally 
Ahlfors-regular. In the slightly more general context of [DDT] (where E is uniformly close 
to minimal cones, and not just planes) for two-dimensional sets in M^, retractions onto 
E may eventually be used to prove existence results for two-dimensional almost minimal 
sets. 

There is essentially one construction in this paper, and various estimates on derivatives 
and distances between planes. The idea of the main construction comes from Reifenberg 
[Rl], revised by Morrey [Mo] and many others (e.g [Si], [To]). The systematic use of the 
functions (3{x, r) and J{x) was introduced by P. Jones and C. Bishop (starting from [Jl] 
and [BJ2]) and used successfully by many others ([BJ], [DS], [Jl, [JL], [Lr], [Le], [PI], 
[P2], [Sel], [Se2], [Sc], [To]), in the context of parameterizing sets in a Lipschitz or almost 
Lipschitz way. The present argument is a mixture of both techniques, but we do very little 
in terms of stopping time regions. 

One of the reasons why we think the Reifenberg construction is very powerful is that 
it is a top down algorithm which allows us to move the points little by little (so that 
they land in E at the end); this is a little more flexible than the standard stopping time 
arguments that tend to project points on a single Lipschitz graph and then stop. Here 
we work more, but we stop less (and hence need to glue less). Probably there is a way to 
incorporate the present paper in a stopping time argument, as in the work of [JL]. 

A minor difference between this paper and the previous ones is that we decided that 
the main thing that governs the construction is the choice of approximating d-planes (at 
all scales and locations), rather than the set itself. This is why we still can construct g 
when E has big holes, provided that we can choose planes in a coherent way. Trying to 
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extend E instead seems more complicated. 

Before we started to write this up, we thought this would be a good opportunity to 
write down a simple proof of Reifenberg's result. This hopefully worked up to Section 5, 
but maybe not later. This is not bad, because Section 4 gives a very good idea of the the 
algorithm, which is the most important part of the proof. The reader will probably think 
that after this, things get a little technical, but we could not help it. We tried to cut the 
proof in somewhat independent pieces too. 

The plan for the rest of this paper is as follows. Section 2 contains our basic assump- 
tions on a model manifold Eq (such as a plane), collections of 10~'^-nets {xj^k}, j & Jk, and 
families {Pj^k}, j ^ Jk, of affine d-planes through the Xj^k- These provide the initial setting 
that will govern the construction. We also give there the two main technical statements 
(Theorem 2.15 and its complement Theorem 2.23 for the bi-Lipschitz estimates). 

We construct a partition of unity {Oj,k} in Section 3, and use it in Section 4 to define 
our main mapping /, whose goal is to send a small neighborhood of Eq to our final set 
(typically, the set E in Theorem 1.1). We will obtain / as the limit of composed functions 
fk = Cfc-i o • • • o ctq, where each Ufc moves points near E (or rather, near the planes Pj^k of 
the k-th. generation) at the scale lO"'^. 

The proof of Theorems 2.15 and 2.23 will keep us busy for Sections 5-12. In Section 5 
we show by induction that near each Xj^k, E^ = /^(Eo) coincides with a small Lipschitz 
graph over Pj^k (see Proposition 5.4). We use this in Section 6 to show that the limit 
E = /(Eo) is Reifenberg-flat (recall that when we start with a set E with holes, E will 
be larger than E). In Section 7, we estimate the differential of Ufc in terms of distances 
between the Pj,k, and we use this in Section 8 to prove the desired bi- Holder or bi-Lipschitz 
estimates on the restriction of / to Eq. At this point we have a good parameterization of 
E, which we still need to extend to M"". 

First we give estimates on the intermediate surfaces E^, which we use to construct 
isometrics Rk{z), 2; G Eq, that map the tangent plane to Eq at z to the tangent plane 
to Efc at fk{z)- These play the same role as the continuous choice of orthonormal basis 
for the tangent plane to E^ that was used in [Mo] or [To]. We finally define the full g in 
Section 10, and prove the desired bi-H61der or bi-Lipschitz estimates in Section 11. 

Sections 12-15 contain various applications of the previous construction. In Section 12 
we give the main generalization of Theorem 1.1 (namely. Theorem 12.3), its variant with 
holes (Theorem 12.18), and their bi-Lipschitz variants (Corollaries 12.33 and 12.44). These 
are mostly expressed in terms of numbers Pog{x, r). 

Section 13 contains a variant of Corollary 12.44 (a bi-Lipschitz statement) expressed 
in terms of numbers (3i{x,r), and a sufficient condition for sets of codimension one to be 
contained in a bi-Lipschitz image of IR*^ or Eq, expressed in terms of the (continuous) unit 
normal to E. 

In Section 14 we show that if in addition to the assumptions of Theorem 1.1 or 
Theorem 12.3, E is locally Ahlfors-regular, then we can find a bi-Lipschitz mapping g as 
above, such that (/(Eq) contains most of E. See Theorem 14.1, and Proposition 14.16 for 
the description of saw-tooth domains in M"^\Eo whose images by g do not meet E, but have 
a big piece of E in their boundary. The proof of Theorem 14.1 is completed in Section 15, 
where we also discuss the uniform rectifiability properties of the locally Ahlfors-regular 
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Reifenberg-flat sets. 

The authors whish to thank Raanan Schul for interesting conversations on prameter- 
izations. 

2. Coherent families of balls and planes 

Let us first describe the simplest situation where we can create a d-dimensional 
Reifenberg-flat set S and a parameterization of S by a d-plane or a smooth surface. In the 
case of the standard Reifenberg theorem (Theorem 1.1 for instance), S wiU coincide with 
E on -8(0, 1). In the situation of Theorem 1.10, E wiU be contained in S. 

At the end of this section, we shall give our main technical statements, which will be 
proved in Sections 3-11, and made cleaner or applied only in later sections. 

First set rk = 10~^ for /c G N, and choose a collection {xj^k}, j ^ Jk , of points in M"^, 
so that 

(2.1) \xi,k- Xj,k\ >rk for i,j e Jfc,z 7^ j. 

In our applications, the points xj^k will lie on a given set E, but we do not need to know 
this. Also set Bj^k = B{xj^k-,fk) and, for A > 1, 

(2.2) V,^ = U AS,.fe = y 5(a;,-fc, Arfc) 

(we usually denote by \B the ball with the same center as B and A times the radius). We 
shall assume that for A; > 1 and j e Jk, 

(2.3) xj,k e Vi_,. 

The most standard way to produce the Xj^k is the following. We start from a set Eq C 
(typically, a subset of E from the previous section), and then choose a nonincreasing 
sequence {Ek} of subsets of Eq (to allow for a stopping time argument). For each A; > 0, 
we let the xj^k, j G Jfc be a maximal collection of points of Ek such that (2.1) holds. Then 
of course Ek C Uj^j^Bj^k^ and (2.3) follows because Xj^k ^ Ek C Ek-i- 

Again we shall not need to know that the Xj^k were produced that way, but (2.3) is 
nonetheless a stopping time coherence condition, or a way of asking that we do not resume 
the construction in places where we stopped it at a larger scale. 

We shall also assume that the initial points Xj^o are close to some smooth d-dimensional 
surface Eq. For the results mentioned in Section 1, Eq will be a plane, but it will not disturb 
us too much to allow slightly more general surfaces, very flat at the unit scale, but with a 
potentially complicated behavior at larger scales. We assume that for each x G Eq, there 
is a d-plane Px through x and a function : Px ^ Px (the (n — (i)-dimensional vector 
space of which is orthogonal to Px) such that 

(2.4) \Fx{y)\ + \DFx{y)\ + p'F,(y)| <s for y G P„ 
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where we denote by DF^iy) the differential of at y and by D'^F^ the differential of 
DF^; the choice of norm for \DFj:{ii)\ would not matter much, but let us take the operator 
norm as acting on vectors, and 

(2.5) Eon5(a;,200) = rF^nS(a;,200), 

where we denote by r^?^ = {y + F^i^y) ; y G Fx] the graph of Fr^ over P^. 

We may also assume that Eq is smooth up to some order tuq > 2, and precisely that 
for 2 < m < mo, there exists Mm > such that, in the description above, 

(2.6) |D"^F^|<M^ onP^, 

because this assumption essentially costs us nothing (see Remark 2.13); then the interme- 
diate mappings fk that we construct will be smooth of the same order, and so will be the 
mapping g away from Sq. But the precise estimates will mostly be left to the reader. 
The relation with our initial net {xj^o} is that we assume that 

(2.7) dist(a;j-,o, Sq) < e for j e Jq. 

The last part of our structure is a coherent family of cZ-planes. For each A; > and 
j e Jk, we assume that we are given a d-plane Pj^k through Xj^k, and wc shall require 
some compatibility conditions to hold. Let us use the normalized local Hausdorff distance 
dx,r{E, F) defined in (1.7); we demand that 

(2.8) dx^ ,^,ioork{Pi,k, Pj,k) <£ for A; > and i,j e Jk such that \xi^k - Xj,k\ < lOOrfc , 
that 

(2.9) <^a;i,o,ioo(-Pi,o,-Pa;) <£ for z G Jq and X e'Eo such that \xi^o -x\ <2, 
and, for A; > 0, that 

(2.10) dxi ,^,20rkiPi,k,Pj,k+i) <£ ioT i & Jk and j e Jk+i such that \xi^k-Xj,k+i\ < '^rk- 

Definition 2.11. A coherent collection of balls and planes (in short a CCBP) is a triple 
(So, {-Bj^fc}, {Pj^k}), with the properties that we just described (see (2.1), (2.3), (2.7), (2.8), 
(2.9) and (2.10)) . We shall always assume that e > is small enough, depending on n 
and d. 

Remark 2.12. In the standard Reifenberg case, {xj^k} will be an r^-dense collection 
chosen in a Reifenberg-flat set E, and Pj^k will be chosen such that d^ fe,iiOrfe {E, Pj^k) ^ ^• 
Then (2.8)-(2.10) (with the constant Ce) will follow from elementary geometry. This will 
be checked near (12.14), for the proof of Theorem 12.3. 

Even when we want to study a compact set, we may find it more convenient to use 
an unbounded set Eq, such as a plane. We will just need to choose points Xj^k that lie in 
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a compact set, and our construction will simply leave the faraway part of Sq alone. We 
find it amusing to allow sets Eq that are different from planes, and even that may not be 
orientable, and get a global statement anyway. But the construction is essentially local: 
our mapping g will coincide with the identity away from Eq. 

Remark 2.13. It would seem more natural to assume only that 
(2.14) \Fx{v)\<e for ye Pa, 

instead of (2.4), but since the only relation between Eq and the points Xj^k is through 
the proximity relation (2.7), it would be easy to check that if we are given Eq with (2.7) 
and the weaker property (2.14), we can replace it with a smoother Eq that satisfies (2.4) 
and (2.7) with the constant Ce. So we decided to require (2.4) directly, and avoid the 
smoothing argument. For the same reason, we will not really lose generality by assuming 
(2.6). 

Let us now state our two main technical results, to be proved in Sections 3-11 and 
improved or applied later. 

Theorem 2.15. Let (Eq, {-Bj^fc}, {Pj^k}) be a CCBP (as in Definition 2.11), and assume 
that e is small enough, depending on n and d. Then there is a bijection g : M"' — > , with 
the following properties: 

(2.16) g{z) = z when dist(^,So) > 2, 

(2.17) \g{z) -z\<Ce for z e W, 

(2.18) ^\z' - z\^+^' < \g{z') - g{z)\ < 3\z' - z\^~^' 

for z, z' e ]R" such that \ z' — z\ < 1, and E = ^(Eq) is a Ce-Reifenherg fiat set that contains 
the accumulation set 



Eqo — {x e M"" ; X can he written as x = lim Xj(rn) k(m)^ with k{m) G N 
and j{rn) e Jk(m) ^or m > 0, and lim k{m,) = +00}. 

m—>-+oo 



Here and below, C is used to denote constants that may depend on n and d, but not 
on £ (and even less on z or z'); the actual value of C may vary a lot from one line to the 
next. 

By Ce-Rcifcnbcrg fiat set, we mean that for x e E and < t < 1, there is an affine 
d-plane P{x, t) through x such that 

(2.20) d^,t{^,P{x,t))<Ce. 
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More information on g and E will be obtained during the proof, but these are the 
main properties. If we want g to be bi-Lipschitz, we need additional information on the 
speed at which the Pj^}~ may change. Set 

(2 21) ^'^^^^ " {dxi,i,iooriiPj,k, Pi,i) ; j e Jk, I e {k - 1, k}, 

ieJi, andy e 10Sj-fcnllSi,J 

for /c > 1 and y e V^^°, and 

(2.22) 4(y) = when y e R" \ 

i.e., when there are no pairs (j, k) as above. 

Theorem 2.23. Still assume that (Eq, {Bj^k}, {Pj,k}) is a CCBP, with e is small enough 
(depending on n and d). Assume in addition that for some M < +oo 

(2.24) J2e',^{gk{z)f < M for aU z e Sq. 

fc>0 

Then : M" — > R"' is bi-Lipschitz : there is a constant C{n, d, M) > 1 such that 

(2.25) C{n,d,M)-'^\z' -z\<\g{z')-g(z)\<C(n,d,M)\z' -z\ forz,z'eW. 



Note that e is not required to depend on M. Condition (2.24) looks quite cumbersome 
as it depends on g. In Sections 12 and 13 we provide sufficient conditions that imply (2.24) 
but do not depend on g. 

Our plan is to prove these two theorems in Sections 3-11, and then only return to the 
statements and applications. 

3. A partition of unity 

From now on, we are given a CCBP {"Eq, {Bj^k}, {Pj,k}), as in Definition 2.11, and 
we start to construct a Reifenberg parameterization of some set E. This short section is 
devoted to the construction of partitions of unity adapted to the {Bj^f.}. 

Select a basic C°° function 6, with compact support in S(0, 10), such that < 9{y) < 1 
everywhere, and 9{y) = 1 on B{0, 9). Then set 

(3.1) hk{y) - 0{r^\y - xj,k)) 
for j e Jk and y e M"'. Observe that 

(3.2) Yl ^^■'fe(^) ^1 ioryeV^^ [j QB,,u • 

Since we also want to cover MJ^ \ V^, we shall need additional balls and function. Choose 
a maximal collection {xi^k}i I £ L^, of points of R" \ V^, such that 

(3.3) \xi^k ~ Xm,k\ — IT for e such that m ^ I, 
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and then set Bi^k = B{xi^ki for I e L/-. Obviously 

(3.4) the 9Bi^k, I e ^fe, cover W \ 
by maximahty, so that if we set 

(3.5) = 

for I e Lfc and j/ e R", we get that 



(3.6) e(y):= ^ ^,-,fc(y) > 1 for y e 

by (3.2) and because Oi^k{y) = 1 on 9Bi^k- Of course Q{y) < C because the lOBj^k, 
j e JkD Lk, have bounded overlap. Now set 

(3.7) 0j,k{y) = ejM/e){y) for jeJkU L^. 

Then 

(3.8) ^3,k{y) = ^- 
By construction, 

(3.9) dj^k is nonnegative and compactly supported in lOBj k 
and 

(3.10) |V"^%,fc(2/)|<C^r^"^ 

for J/ e R", J e Jfc ULfc and m > 0, because we have similar estimates on the Oj^ki by (3.6), 
and because the lOBj^k have bounded overlap. 

We now put all the 6i k, I G L^, together in a single function ipi^. After this, we will 
not need to mention the 9i^k, ^ G L^, any more. Set 

(3.11) V'fc = J] Oi,k. 
Observe that 

(3.12) My) = on If = U 8Bj,k 
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because (3.9) says that for I e Lf~, 9i^k is supported in lOBi ^ = B{xi^k,rk) with an xi^^ 
that hes out of by definition of L/.. Then, since 

(3.13) ^^^(2/)+ $^^i,fe(2/) = l 
by (3.8), we deduce from (3.12) that 

(3.14) ^3,k{y) = 1 for 2/ e Vi. 
FinaUy observe that 

(3.15) \V"'My)\<Cmrk'^ 

for y e M"^ and m > 0, by (3.10) and because the lOS/^fe have bounded overlap. 

4. Definition of a mapping / on Eq 

Our plan is to define first a bi-H61der mapping / on Sq. In fact, we define / on the 
whole R", but later on, we only care about the values of / on Eq. The function / appears 
as the limit of a sequence of functions fk, where fk is defined by induction by 

(4.1) My) = y and fk+i ^ fk 

for some ak whose main goal is to push points in the direction of the d-planes Pj^k wherever 
they are defined. We set 

(4.2) ak{y) ^ v + ^jAv) [^jAv) - v] ^ ^k{y)y + Yl ^jAv) t^jAv)^ 

j&Jk j&Jk 

where nj^k denotes the orthogonal projection from M"^ onto Pj^k and by (3.13). 

We want to show (in the next few sections) that the fk tend to a limit / which is 
bi-H61der on Eq, and that E = /(Eq) is a Reifenberg-flat set. Later on, we shall extend 
the restriction of / to Eq so that it is defined and bi-H61der on R". Note that 

(4.3) \ak{y) - y\ < lOrk for y e M", 

because "^j^j^ (^j,k{y) < 1) and |7rj^fe(y) — y\ < lOr^ when %,fe(y) ^ (because then 
y e lOS,- fe by (3.9)). So 

(4.4) ||/fc+i-M|oo<10rfc, 

and the sequence {fk} converges uniformly on R" to a continuous function /. 

Clearly each 0"^ is smooth. We shall need estimates on its derivative. First note that 

(4.5) akiy) = y and Dak{y) =1 for y e R" \ F^^o, 
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where / denotes the identity map and we set ° = Ujgj^lOBj^/-, just by (3.9) and (4.2). 
Next we record what we get when y G Vj^^. 

Denote by Hj^k the orthogonal projection onto Pj^k^ by DiVj^k its differential (which is 
also the orthogonal projection onto the vector space parallel to Pj,k), by Pj^f^ the (n — d)- 
vector space orthogonal to Pj,k, and by ttj*-^ the orthogonal projection onto Pj~k- Notice 
that D^rfk = '^j'k because tt^-j^ is linear. 

Lemma 4.6. For y e V^^°, we have that 

(4.7) Dakiy) = Mv)! + ^j,kiy)Dnj,k + yD^v) + Yl ''jAy)D^j,k{y)- 

In addition, choose any i = i{y) e Jk such that y e lOBi^k, and set 

(4.8) L{y) = iPk{y)D7ri;k + Din^k + [y - TnMWkiv)- 
Then 

(4.9) \Dakiy)-L{y)\<Cs. 

First, (4.7) comes directly from the second part of (4.2). Then notice that when we 
replace the various TTj^k in the right-hand side of (4.7) with TTi^k, we get the quantity 

^k{y)i+ Y ^3,ki.y)D'^i,k + yDipk{y) + Y ^i,k{y)D9j,k{y) 

''^'^^^ =il^kiy)i+ (1 -il^k{y))P>T^i,k + yP>i^k{y) - 'Ki,k{y)P>i^k{y) 

= ^k{y)DT^^k + DTTi,k + [y- TTi,k{y)]D^k{y) = L{y), 

by (3.13). But y e lOBj^k for aU j such that 9j,k{y) ^ or DOj^kiy) 0, so (2.8) says that 

(4-11) i^,iQOrk{Pi,k,Pj,k) < 

which implies that 

(4.12) Wj,k{y) - ^i,kiy)\ ^ SOOerfc and {Dnj^k - P>T^i,k\ < 500£. 
Thus (4.7) yields 

\Dak{y) - L{y)\ < ^ ^j,k{y)\DT^j,k - P>T^i,k\ + Y \'^3,k{y) - ni,k{y)\\Dej,k{y)\ 

(4.13) ieJfe jeJfe 

< Ce, 

by (3.10), and Lemma 4.6 follows. □ 
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The situation for y G V^^ is much simpler, because then i^kiv) = and D'^j.{y) = by 
(3.12), so (4.7) and (4.8) simphfy. Incidentally, in the standard Reifenberg case this would 
happen for all y eT,k = fki^o)- 

Corolleiry 4.14. For y e V^, let i = i{y) e Jk be such that y e 105^^^. Then 

(4.15) Wk{y) - T^i,k{y)\ ^ ^^'^k, 



(4.16) Dak{y) = J2 ^j,k{y)Di^j,k + ^jAy)D9j,k{y), 
and 

(4.17) \Dakiy)-D7ri,k\<Cs. 

Indeed, since t/jkiy) = and Dif^kiy) = by (3.12), (4.16) follows from (4.7) and (4.17) 
holds because L{y) = Dni^k- Finally, J2jeJk ^j^y) = 1 by (3.14), so second part of (4.2) 
yields 

(^k{y) - T^i,k{y) = '^k{y)y+ Yl ^jAv) - t^iAv)] 

(4.19) 

= ^3,k{y)[^i,k{y) - T^iAv)] 

(recall that Vfe(y) = by (3.12)). If 0j,k{y) 0, then y e 105^,^ by (3.9), and so 

\xj,k - Xi^k\ < 20rfc. For each such j, (2.8) says that dxj ,^,ioor,,{Pi,k, Pj,k) < £ (as in 
(4.11)), hence \7ri,k{y) - tTjMI ^ ^^'^k (as in (4.12)); then (4.15) follows from (4.19). □ 

5. Local Lipschitz graph descriptions of the 

In this section we study the local Lipschitz regularity of the sets T,k = /fc(So), /c > 0, 
where Sq is our smooth initial comparison surface, and the fk are as in (4.1). Thus 

(5.1) Efe+i = crfc(Efe) = (Ja; o • • • o cro(So) for /c > 0. 

Our main result will be a small Lipschitz graph description of near the xj^k- It will be 
easier to state with the following notation for boxes. When x e R"', P is a d-plane through 
X, and i? > 0, we define the box D(x, P, R) by 

D{x, P,R) = {z + w; z e Pr\ B(x, R) and w e P-^ n B{0, R)} 
^^■^^ c^[PnB{x,R)]x[P^ r]B{0,R)], 

where P^ denotes the (n — d) -dimensional vector space orthogonal to P. Also recall that 
when A : P P^ is a Lipschitz mapping, the graph of A over P is 

(5.3) Ta = {z + A{z); z e P}. 
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We put a lot of information together in the next statement, so that we can prove 
everything at the same time by induction. 

Proposition 5.4. There exist constants Ci, 1 < i < 7, such that the following holds for 
all k > and j e Jfc. First, there is a function Aj^f, : Pj^^ H 495^,/. Pj~i^, of class C^, 
such that 

(5.5) \Aj^k{xj,k)\ < Cierk, 

(5.6) \DAj^k{z)\ < C2S for z e Pj,u n 495,-^, 
and, if we denote hy TA,j,k the graph of Aj^k over Pj,k, 

(5.7) Efc n D{xj^k, Pj,k, 49rfc) = TA,j,k n D{xj^k, Pj^k, 49rA;). 
JVext, there is a function Fj^j^ : Pj^f. n 405^^^ P^^, of class C"^ , such that 

(5.8) \Fj,k{xj,k)\<C^erk, 

(5.9) \DFj^k{z)\ < Cab for z e P,- ^ n 40S^- fe, 

(5.10) \DFj,k{z)\ < C^e for z e Pj,k n 75,-^, 
and, if we denote hy TF,j,k the graph of Fj^k over Pj,k, 

(5.11) Ek+inD{x 

j,ki Pj,ki 

40rfc) = TF,j,k n D{x 

j,ki Pj,ki 

40rfc). 

Finally, 

(5.12) |(7fc(y) - y| < CQETk for y eT,k 
and 

(5.13) \Dak{y) - Dwj^k - My)D7rj-^k\ < Cje for yeE^n 455,-^. 

The statement is a little more complicated than what we will use, because we want 
to be able to prove it easily by induction. [After this, we will not care any more about 
(5.10) and the difference between the C^'s.] We gave different names to the constants Ci 
so that we can track more easily their mutual dependences. For this reason, we will also 
make sure that the constants C written in the proof do not depend on the Ci. Let us 
announce now that we will be able to choose C5 first, then C2 and C3, Ci, Cq and C7, and 
then C4, all large enough depending on the previous ones; we shall also display the mutual 
dependence relations between the Ci as they show up. Note that we need to take s small 
enough, depending on all the Ci. 
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Proposition 5.4 only gives information on and Sfc+i near the xjy, however, away 
from the fe, the E/j stay the same because cr^ = / on \ Vj}^ by (4.5), so it will be easy 
to get some control there too. See Lemma 6.12 and Proposition 6.15. 

We cut the proof of Proposition 5.4 into four smaller steps. 

Step 1. We first verify (5.5)-(5.7) for k = 0. Let j e Jq be given, and use (2.7) to choose 
x e So such that \x — Xj^o\ < e. Let and Tp^ be as in the description of Sq as a small 
Lipschitz graph over Pj; (see near (2.4)). We just want to write Tp^ as a Lipschitz graph 
over Pjfi. Observe that 

(5.14) d,,,,ioo{Pj,o.P.)<e 

by (2.9). In particular Pj o a-^d make a small angle, and by (2.4) Fp^ is also the graph 
of some function A — Aj^q : Pj q Pj^q. Of course A is because F^ is C^, and it is 3e- 
Lipschitz, as needed for (5.6). [See the proof of (5.18) if you are not sure about this.] Next, 
D{xjfi, Pjfi, 49) C B{x, 200), so (5.7) follows from (2.5) because Paj.o = ^f^- Finally, note 
that by (2.4), P^;'^ passes within e of x, hence within 2s of Xj^q; then |^(a;j^o)| ^ Cs, because 
we already know that A is 3£-Lipschitz. 

Step 2. Next we show that (5.8)-(5.11) for k imply (5.5)-(5.7) for /c + 1, as it is essentially 
the same proof. Let j e Jk+i be given, and use (2.3) to find i & Jk such that 

(5.15) Xj^k+i e 2S^,fc. 

By induction assumption, we have a and C4£-Lipschitz function Fi^k '■ Pi,k H 40i?i,fe —>■ 
P^j^, with the properties (5.8)-(5.11). Let us use Whitney's theorem to extend Fi^k as a 
function from Pj ^ to P^-^, so that it is still and CC4£-Lipschitz. The truth is that we 
shall never care about the values of Pj^fe out of Pj^fe fl 40Pj^fe, but the argument is simpler 
to write that way. Since 

(5-16) d^i,^,20rkiPi,k,Pj,k+l) <S 

by (5.15) and (2.10), we can find a function A = Aj^k+i '■ Pj,k+i Pj~k+i ^^^^ ^^^^ 

(5.17) ^A,j,k+l = ^F,i,k- 
Let us check that 

(5.18) \DA\<{CC4 + C)e. 

Let X G Pj,k+i be given, and observe that if is a unit vector in the vector space Pj f._^_^ 
parallel to Pj^k+i, \DA{x) ■ v\ — tana, where a — Angle(f + DA{x) ■ v, Pj ^^i). Thus 

sup \DA{x) ■ v\ 

sup tan Angle(^; + DA{x) ■ v, Pj^j^+i) 
sup tan Angle(t(;, Pj ^^i), 

w&TT{y) 



\DA{x) 



(5.19) 
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where TT{y) denotes the tangent plane to TA,j,k+i a^t y = x + A{x). Next let x' e Pi^k be 
such that y = x' + Fi^k{x'); then 

sup Angle(«;, Pj,fc+i) < Ce + sup Angle(«;, P/ fe) 

w£TV{y) w&TT{y) 

^' ' <C£+ sup ta.nA.VLg\e{v' + DFik{x')-v',P-j,) 

by (5.16), because TT{y) is also the tangent plane to Tp^i^k at y (by (5.17)), and by the same 
computation as for (5.19). Set (3 = Arctan(C4e); then Kn^e{v' +DFi^k{x')-v' , P^ f?) < (3 for 
unit vectors v' e P^'^, by (5.9) (and maybe because we extended F^^k in a CC4£-Lipschitz 
way), so 



|i:>^(a;)| <tan(C£ + /3) =tan/5+ f 

(5.21) 

^ ^ Ce 



f3+Cs 



dt 



cos2(t) 



as needed for (5.18). 
Notice that 



(5.22) D{xj^k+i, Pj,k+i,^5rk) C D{xi^k,Pi,k, 40rfc) 

by (5.15) and (5.16), so 

23) ^A,j,k+i n D{xj,k+i, Pj,k+i, 35rfc) = TF,i,k n D(a;j,fc+i, 35rfc) 

= Sfe+i n i:)(a;j,fc+i, Pj,fe+i, 35rfe) 

by (5.17) and (5.11). This is better than (5.7), which only requires a control on the smaller 
D{xj^k+i, Pj,k+i, 49rA;+i). 

Next we check (5.5) and (5.6). We first need to control A at one point. Set B = 
B{xi^k,C3£rk). By (5.8), TF,i,k meets B; by (5.17), so does TA,j,k+i- Choose yo E B f] 
^A,j,k+i and zo e Pj,k+i such that yo = -^o + ^(-^o)- Then 

(5.24) \A{zo) I = dist(yo, Pj,k+i) < dist(yo, P^,k) + 20erk < C^evk + 20£rfc 

by (5.16), and because E B and x^jj G Pi.k- Now we check (5.6). Let x G Pj,k+i H 
4:9Bj^k+i be given, set y — x + A{x) G I'A,j,k+i, and use (5.17) to find x' G Pi^k such that 
y = x' + Fi^k{x'). Note that 

\x' - Xi^kl <\y- Xi^kl < '^Tk + \y- Xj^k+i\ = 'irk + \x + A{x) - Xj^k+i\ 

(5.25) < 2rfc + 49rfc+i + \A{x)\ < 2rfc + 49rfc+i + \A{zo)\ + \A{x) - A{zo)\ < 7rk 

because Xi^k £ Pi,k-i by (5.15), and because |A(a:)| < Vk+i/lO by (5.24) and (5.18). Thus 
x' G 7Bi^k, (5.10) says that \DFi^k{x') < C^e, and the proof of (5.18) shows that \DA{x)\ < 
(C5 + C) e. Then (5.6) holds if we choose 

(5.26) C2 > C5 + C. 
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We may now return to (5.5). Observe that 
(5.27) 



Xj,k+i - zo\ < \xj^k+i - Xi^kl + \xi,k - yo\ + \yo - zo\ 

< 2rfe + Cserk + \A{zo)\ < 2rk + ^C^eru + 20£rfe < Sr^ 



by (5.15) and (5.24), so 

(5.28) \A{xj,k+i)\ < \A{zq)\ + (Cs + C) e \xj,k+i -zq\<{C^ + 3(^5 + C)erk 

because we just checked that \DA\ < (C5 + C) e on Pj,k+i ^ 4QBj^k+i and by (5.24). So 
(5.5) holds as soon as 

(5.29) Ci > C3 + 3C5 + C. 

This completes our verification of (5.5)-(5.7) for A; + 1 given (5.8)-(5.11) for k. 

Step 3. Now we assume (5.5)-(5.7) (for k) and show that (5.12) and (5.13) hold. We 

start with (5.12). Let y G be given. If y lies out of V^^ = Ujej^^lOSj^fc, (4.5) says that 
^o{y) = y ci.nd (5.12) holds trivially. So we may assume that y G Vj^^. Choose j G Jk such 
that y G lOBj j., and then let Aj^^ and ^A,j,k be as in (5.5)-(5.7). By (5.7), y G TA,j,k- 
That is, y = X + Aj^k{x) for some x G Pj,k- In addition x G lOBj ^ (because it is the 
orthogonal projection on Pj^k of y E lOBj^k)- By (5.5) and (5.6), 

(5.30) dist(y, Pj,k) = \Aj,k{x)\ < (Ci + lOC2)erk. 

Next let z G Jfc be such that Oi^k{y) 7^ 0; then y G lOSj^fe by (3.9), and (2.8) says that 
(5-31) C^x,, fe,100rfc {Pi,k, Pj,k) < £ 

(because y G lOS^^fc n 105^,^). Thus 

(5.32) dist(y, Pi,fe) < dist(y, Pj,k) + lOOerfe < (Ci + IOC2 + 100)£rfe. 

Now the first part of (4.2) yields 

kfe(y) - y| < ^ ^i,fe(y)ki,fc(y) - y\ 

(5.33) 

= ^^'^(^) P^^k) < (Ci + IOC2 + 100) evk. 

This yields (5.12), if 

(5.34) Ce>Ci + IOC2 + 100. 

For (5.13) let j G Jk and y G Efcn45fij-,fc be given. If y G V^i°, i.e., if \y-Xi^k\ > lOr^ 
for aU ie Jk, then ipkiy) = 1 by (3.9) and (3.13), and Dak{y) = / by (4.5), so (5.13) holds 
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in this case. So we may assume that y e V^^°, and choose i & Jk such that \y — Xi^k\ < lOr/-. 
Recall from (4.9) and (4.8) that 

(5.35) \Dak{y)-L{y)\<Cs, 
where 

(5.36) L{y) = V'fe(y)^7r,^fe + Di^i^k + [y - '!ri,k{y)]Dipk{y), 
so we want to control 

A = L{y) - D7Tj,k - My)D7Tj-^k 

(5.37) 

= [Dwi^k - DTTj,k] + il}k{y)[DTTi^^ - Dttj^j,] + [y- 7ri,k{y)]Dil;k{y) ■ 
Recall that y e 4:5Bj k n lOBi k, so (2.8) says that 

(5.38) d^^ „^oo{P^,k, Pj,k) < 
and hence 

(5.39) \D7:i,k - D7:j,k\ + \D7T^k ' ^^il < Ce. 

Thus we control the first two terms of A (recall that < 7/'fc(y) < 1). Next, 

\[y - T^iAy)]D'^k{y)\ <Cr^^\y-n,^k{y) \ = Cr'^ dist{y, 
(0.4U) , 

<Cr^^dist{y,Pj,k) + Ce 

by (3.15) and (5.38). By (5.7), y G TA,j,k: so there is an x G 4:5Bj k such that y = 
a; + Aj^k{x). Then 

(5.41) dist(y, Pj,k) = \Aj,k{x)\ < \Aj^k{xj,k)\ + 45C2£rfc < (Ci + 45C2)erk 
by (5.5) and (5.6). Altogether, 

(5.42) \Dakiy) - D^3,k - My)D^t,k\ < \D<Tk{y) - L{y)\ + |^| < C(Ci + C2 + l)e 
by (5.37), (5.35), and (5.39)-(5.41). This proves (5.13) with the constraint that 

(5.43) C7>C(Ci + C2 + l). 

Step 4. We now come to the main and final part of the induction argument. This is also 
the place where we get small constants that we can use to control the other ones. We still 
assume (5.5)-(5.7) (for k) and prove (5.8)-(5.11), with the help of (5.12) and (5.13) that we 
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just proved. Let j e Jk be given, and let Aj^f. and TA,j,k be as in (5.5)- (5.7). To simplify 
the notation, set 

(5.44) X = Xj^k , P = Pj,k , TT = TTj^k , TT-^ = TTj^fe , A = Aj^k , and T = TA,j,k ■ 
Define : P n B{x, Urt) W and hi : P n B{x, Uvk) ^ P hy 

(5.45) h{z) = ak{z + A{z)) and hi{ z) = n o h{z) for 2; € P H -6(2;, 44rfc). 

Fix 2 G P n S(a;,44rfc), and set y = 2; + ^(2;); note that y e by (5.7), (5.5), and (5.6). 
Then 

l^i(^) - 2;| = Itt o h{z) -z\ = |7r(c7fc(y)) - 2;] 

= k(o-fe(y)) - 7r(?/)| < |a-fe(2/) < Ceerk 

by (5.45) and (5.12). Let us now say why (5.46) and a tiny bit of degree theory imply that 

(5.47) /ii(Pn5(a;,44rfc)) contains P n 5(a;, 43rfc). 

Let ^ e P n P(x,43rfe) be given; we want to define a few mappings from d = 
dB{x,AArk) fl P to the unit sphere 9P(0, 1). First observe that 

(5.48) ^ lies out of the segment [hi{z)^ z] for zed, 
simply because l^; — ^| > r^, while \hi{z) — z\ < Ceerk by (5.46). Set 

(5.49) u^{z) = {hi{z) - 0/\hi{z) - ^1 for zed. 

The denominator does not vanish (by (5.48)), and is a continuous function from d to 
dB{0, 1). It is homotopic (among mappings from d to dB{0, 1)) to v^, where 

(5.50) v^{z)^[z-^]/\z-^\ iovzed, 

because (5.48) allows us to use the obvious linear path from hi{z) to z; that is, we can set 
g{z, t) = [(1 - t)hi{z) + tz- C]/|(l - t)hi{z) + tz - ^\ ioi < t < 1 and z e d to connect 
the two mappings. 

In turn, is homotopic to 2; — a;]/|2; — a;| (just move ^ to a; continuously along 
the segment and observe that [$,-,x] does not meet 5), and this last mapping is of 

degree 1. Thus is not homotopic to a constant, and neither is u^. See for instance [Du]. 
Therefore ^ e hi{P fl P(a;,44rfc)), because otherwise we could define a homotopy from 
to a constant, by setting g{z, t) = [/ii((l — t)z + tx) — ^]/|/ti((l — t)z + tx) — ^| for 2 e 9 
and < t < 1. Thus (5.47) holds. 

Next we estimate the derivative of /i on P fl P(a;,44rfe). Still set y = z + A{z) for 
2 e P n B{x, 44rfe); by (5.45), 

(5.51) Dhiz) = Dakiy) ° [I' + D^^)]. 
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where /' denotes the injection from P' to R", where P' denotes the vector space parallel 
to P. For notational convenience we forget to write the composition of DA{z) with the 
canonical injection from P^ to . That is, we now see DA(yZ) as going from the plane P 
to (and not just to P^). 

Set Z = Dak{y) — Dtt — 'ipk{y)D7r-^; then \Z\ < C'jS by (5.13), which applies to y 
because 

(5.52) \x-y\<\x-z\^- \A{z)\ < AAru + \ A{z)\ < Mrk + \ A{x) \ + 44C2erk < 4brk 
by (5.6) and (5.5). Now (5.51) yields 

Dh{z) = Dauiy) ° V + DA{z)] = [Dn + My)Dn^ + Z] o [/' + DA{z)\ 

(5.53) 

= 1' + Zol' + [DTT + ^k{y)DTT^ + Z]oDA{z) 

because Dtt o /' = /' and Dtt^ o /' = 0. Now \Z o r\ <\Z\ < C^e and 

I [Dtt + My)D7r^ + Z] o DA{z) | < | [L»7r + My)D7r^ + Z] \ \DA{z) \ 

<il + C7s)\DA{z)\<2C2S 

by (5.6), so we get that 

(5.55) \Dh(z) -I'\< (2C2 + C7)s for z e P n B{x, 44rfc). 

Return to the study of hi = n o h (see (5.45)). Since Dhi{z) — Dn o Dh{z), we see 

that 

(5.56) \Dhi(z) - r\ < (2C2 + C7)s foT zePn B{x, 44rfe). 
Let us now check that, because of (5.56), 

(5.57) the restriction of hi to P f] B{x, AAvk) is injective. 

Let zi,Z2 e -P n -B(a;,44rfc) be given; we apply the fundamental theorem of calculus to 
the function hi{z) — ^ on the segment [^i, ^2]; and get that \hi{zi) — hi{z2) — zi — Z2\ < 
(2C2 + C7)s\zi - Z2\ because \D[hi - I']] < (2C2 + €7)6 by (5.56). This is impossible if 
hi{zi) = hi{z2) but zi Z2. So (5.57) holds. 

For w G P n P(x,43rfc), (5.47) says that we can find z G P P(a;,44rfc) such that 
hi{z) = w, and (5.57) says that it is unique. So we can define 

(5.58) /i]"^ : P n B{x, 43rfc) ^ P D B{x, 44rfc) 

as follows: hi^{w) is the only z E P D P(x,44rfc) such that hi{z) = w. Recall that all our 
mappings are of class C^; then (5.56) and the local inversion theorem say that 

(5.59) /i]-^ is of class on P n P(a;,43rfc), and |i:'[/ir^]| < 1 + (3C2 + 2C7)£. 
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Define F onPnB{x, 43rfc) by 



(5.60) F ^TT^ ohoh^K 
Obviously F is also C^, and 

(5.61) DF{w) = Dtt^ o Dh{z) o D[h^^](w) = Dtt^ o Dh{z) o [Dhi(z)]-^, 
where we set z — hi^{w) e P Pi B{x, 44rfe). Then 

\DF{w)\ < (1 + (3C2 + 2C7)e)\DTr^ o Dh(z)\ < 2\DTr^ o Dh{z)\ 

(5.62) 

= 2|L»7r^ o [Dh{z) -I']\< 2(2C2 + Cr)e 

by (5.59), because Dtt^ o /' = 0, and by (5.55). 

We want to show that (5.8)-(5.11) hold for F = Fj^f., and we start with (5.11). Denote 
by Tf the graph of F over P; thus Tp = TF,j,k with the notation of (5.11). Let us first 
check that 

(5.63) Tp n 7r-\B{x, 40rfc)) C ^k+i ■ 

The fact that Tp n D{x,PAOrk) C Efc+i n D{x,P,4:0rk) wiU immediately follow, by re- 
stricting to D{x, P,4:0rk) (see the definition (5.2)). 

Let C lie in Tp n7r-\B{x,40rk)). Then ^ = w + F{w) for some e PnB{x,40rk), 
and so 2; = /?,^^('U)) is defined. Then w = hi{z), and F{w) — tt"*- o h{z) by (5.60). Thus 
^ = w + F{w) = hi{z) + Tc^ o h{z) =7voh{z)+7T^oh{z) = h{z) = ak{z + A{z)) by (5.45). 
But z e PnS(a;,44rfc), so z + A{z) G D{x,P,4:4rk) by (5.5) and (5.6), and now (5.7) says 
that z + A{z) e Sfe. Thus ^ G Sfc+i, and (5.63) holds. 

Next we claim that 



(5.64) Ek+ir\D{x,P,40rk) cFp. 

Let ^ G n -D(x, P, 40rfc) be given, and let y G be such that ^ = (7k{y)- By (5.12), 
1^ — y| = |cTfc(y) — y| < Cesr/c, so y G Sfc n -D(x, P, 41rfc), and by (5.7) it lies on the graph 
of A. Thus y = z + A{z) for some z = 7r{y) G P fl B{x, 41rk)- Now ^ = a^iy) = ^1(2;) 
by (5.45), so 7r(^) = tt o /i(2;) = hi{z) by (5.45) and (since 7r(^) G P(a;,40rfc) because 
C G P»(a;,P,40rfc)) we get that z = h^^iriC)). Finally 7r^(C) = 7r^(/i(^)) = i^(7r(0) by 
(5.60), which means that ^ lies on the graph of P, as needed for (5.64). 

As was just observed, (5.11) follows from (5.63) and (5.64). We deduce (5.9) from 
(5.62) as soon as 

(5.65) C4 > 4C2 + 2C7, 

so we are left with (5.8) and (5.10) to check. 

First we estimate \F{hi{x))\, where x still denotes the center of Bj^k (see (5.44)). 
Notice that x + A{x) G B{x, Cievk) by (5.5), so it lies in by (5.7), and h{x) = ak{x + 
A{x)) lies in T,k+i Next, 

(5.66) \hi{x) — x\ < CeSTk 
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by (5.46), so (hi(x)) = x (see near (5.58)) and 

\F{hi{x))\ = \n^oho h^\hi{x))\ = o h{x)\ = \7T^{ak{x + A{x)))\ 

(5.67) < \7T^{x + A{x))\ + \ak{x + A{x)) - {x + A{x))\ 

< \A{x)\ + Caerk < (Ci + Cg) erk 

by (5.60), (5.12), and (5.5). This is not yet good enough for (5.5), but is a first step. 

Let ^ e P n 7Bj^k be given, and set = ^ + F{z). By (5.62), (5.66), and (5.67), 
|F(2;)| < rfc/10. By (5.63), w e S^+i and we can find j/ G such that w = ak{y)- Then 

(5.68) \z-y\< \F{z)\ + \w - y\ ^ \F{z)\ + \ak{y) - y\ < r^/lO + Ceerk < r^, 
so y E SBj^k because z e 7Bj^k- Corollary 4.14 applies with i{y) = j, and says that 

(5.69) \ak{y) - 7r(y)| < Cerk and \Dak{y) - D7t\ < Ce. 
In particular, 

(5.70) \F{z)\ = dist(w;, P) < \w - 7r{y)\ = \ak{y) - 7r{y)\ < Cerk, 

which implies (5.8) by taking z = x and if C3 is large enough. 

Return to the general z E P f] TBj^f, ; since y e fl SBj^k, (5.7) says that y lies on 
the graph of A. That is, y = 7r{y) + A{7r{y)) and now 

(5.71) hi{n{y)) = tt o h{n{y)) = tt o ak{y) = n{w) = z 

by (5.45) and the various definitions. Thus 7r(y) = h^^{z) (see near (5.58) and recall that 
7r(y) e P n SBj^k because y e SBj^^). Since 

(5.72) F = n^ohoh^^ ^n^oako[I' + A]o h^^ 

by (5.60) and (5.45) and where /' is the restriction of / to P, we get that 
DF{z) = Dn^ o Dakiv) o [/' + DA{7r{y))] o D[h-']{z) 

(5.7o) 

= D7r^o (Dakiy) - Dtt) o [/' + DA{7r{y))] o D[h^^]{z) 
because hi^{z) — n{y), (/' + A){n{y)) — y, and -Dtt^ o D-k — 0. Hence (5.69) yields 
(5.74) \DF{z)\ < Ce\I' + DA{'K{y))\ \D[h-^'^]{z)\ < 2Ce 

by (5.6) and (5.59). This proves (5.10) if C5 is large enough, and completes our verification 
of (5.8)-(5.11). Our proof of Proposition 5.4 by induction is now complete too. □ 

6. Reifenberg-flatness of the image 
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We continue to assume that (Eq, {Bj f.}, {Pj,k}) is a coherent coUection of balls and 
planes, as in Definition 2.11, with e > is small enough (depending only on n). 

We defined a sequence of functions : in Section 4, and by (4.4) the 

sequence converges uniformly and we can define / : M"^ — > by 

(6.1) f{x) = lim fk{x) for x e W. 

In this section we want to record some of the geometric properties of E = /(Eq), and 
in particular its Reifenberg-fiatness. Of course the main ingredient will be Proposition 5.4. 
Let us first check that 

(6.2) E = /(Eo) contains ^^oo, 
where E'oo is the accumulation set of the centers xj^^j i-^-, 

Eoo = {a; e ; x can be written as a; = lim Xj(m) k(m)j with k(m) e N 

(6.3) 

and j{m) e Jk(m) for m > 0, and lim k{m) = +oo[. 

This is easy. Let x G -Eoo be given, and write x = lim^^+oo Xj(^m),k{m) as above. By 
Proposition 5.4, -Bj(m).fc(m) meets Efc(^)_|_i, so we can find tm G Eq such that fk{m){'tm) G 

Bj(m),kim), i-e., |//c(m)(^m) " a;j(m),fc(m) | < TA;(m)- Then 

(6.4) lim fk{m){tm) = X 

fe— >+oo 

because rfc(m) tends to 0. Since \ fk{y) — y| < 12 by (4.4), the sequence {tm} is bounded, 
and some subsequence {tm{p)} converges. Set t — limp^+oo ^m(p)- Then \f{t) — a;| < 
1/(0 - fitm{p))\ + \f{tm{p)) - fk{m{p)){im{p))\ + |/fe(m(p)) (^m(p)) " x\; the first term tends 
to because / is continuous, the second one because / is the uniform limit of the fk{m(p))i 
and the third one by (6.4). So f{t) = a;, and (6.2) holds. 

We shall also need the following description of trajectories. 

Lemma 6.5. Let 2; e be given, and set zu = fki^) for k >0. Then 

(6.6) if ZkeW\ 14^^ for some k>0, then zi^ ZkeW\ V;^° for I > k; 

(6.7) ifz e Eo and zu G V^^ for some k>l, then zi e for < I < k - 1. 

RecaU from (5.12) that 

(6.8) kfc(y) -y\< Cerk for A; > and y e Efc, 
which easily implies by iteration that 

(6.9) \f{x)- fk{x)\<Cerk for /c > and a; e Eq. 
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Also recall from (4.5) that 



(6.10) ak{y) = y when y e \ V,^^, 

where V,^^ — Lij^j(^k)^OBj^k is as in (2.2). 

Ifzk e (6.10) says that Zk+i = Zk- Then Zk+i e R'^XV,}^^, because otherwise 

we could find j G Jk+i such that \zk+i — Xj^k+i\ ^ 10rfe_|_i, and since (2.3) gives i & Jk 
such that \xi^k - Xj,k+i\ < Sr^, we would get that \zk - a^i,fe| = \zk+i - Xi^k\ < Sr^, a 
contradiction. So Zk+i G M"' \ Vj^^^i, and we can iterate and get (6.6). 

Now suppose that z E T^q and Zk G V^^*^ for some k > 1. Thus \zk — Xj^k\ ^ lOr*/. for 
some j G Jfc, and by (2.3) we can find i G Jk-i such that |a;i,fe_i —Xj^k\ < 2rfc-i and hence 
\xi,k-i - Zk\ < 3rfe_i. 

By (6.8), \zk - Zk-\\ \ak{zk-\) - Zk-\\ < Cerk because Zk-i G Sfc-i, and so 
\xi,k-i — Zk-i\ < 4rfe_i. That is, Zk-i G V^_-^. The previous values of I are now obtained 
by induction applied to Zk-i', (6.7) and Lemma 6.5 follow. □ 

As a simple consequence of Lemma 6.5, let us check that for A; > 0, 

(6.11) S \ = El \ = Ek \ Vk'' for aU I > k. 

Indeed, if y G S \ V^}^ and if 2; G Sq is such that f{z) — y, then fk{z) ^ V^^ by (6.9), and 
(6.10) says that fi{z) = fk{z) for all / > k. Hence y = f{z) = fk{z) = fi{z) for I > k, and 
y G Si. Thus S \ 1411 C for / > /c. 

Conversely, let y eT,i\ V,^^ for some I > k, and let 2; G Sq be such that fi{z) = y. By 
repeated uses of (6.8), \fk{z) — fi{z)\ < Cerk, so fk{z) G R" \ V^^, and (6.10) says that 
fmiz) = fk{z) for m>l. Then f{z) = fi{z) and y = f{z) G S. So \ F^ii C S. This 
completes our proof of (6.11). 

Before proving the Reifenberg flatness of S we first complete the Lipschitz description 
of Efc given in Proposition 5.4. 

Lemma 6.12. For k > and y E T,k, there is an afRne d-plane P through y and a 
Ce-Lipschitz and function A : P ^ P^ such that 

(6.13) EknBiy,19rk) = TnB{y,19rk). 
where F denotes the graph of A over P. 

When y G V^f^, we choose j G Jk such that y G 305^^^ and apply Proposition 5.4. The 
plane P = Pj^k and the function A = Aj^k satisfy the desired properties, by (5.5)-(5.7). 

So we may assume that y G Sfc \ V^^. Let m > denote the smallest integer such 
that y G \ V^^; we know that m < k, so rk < and B{y, 19rfc) C \ so (6.11) 
says that 

(6.14) Sfc n B{y, 19rfc) = n B{y, 19rfc). 

If m = 0, let a; G So be such that fk{x) = y; then \x — y\ < Ce by (6.8). We take P = P^ 
and A = Fj;, then A is £-Lipschitz by (2.4) and (6.13) follows from (2.5) and (6.14). If 
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m > 0, y e Kn-i by minimality of m, so we can choose j e Jm-i such that y e 305j^^_i. 
Then 19rjt) C 32Bj m-i C 49i?j we take P = Pj^rn-i cind A = as in 

Proposition 5.4, and (6.13) follows from (5.7) and (6.14). □ 

We are finally ready to show that E is Ce-Reifenberg-flat (as defined just after the 
statement of Theorem 2.15). 

Proposition 6.15. For z e S and < t < 1, there is an afRne d-plane P{z, t) through z 
such that 

(6.16) d,,t{^,P{z,t))<Ce. 

Recall that dz^t is the normalized local Hausdorff distance defined by (1.7). Let z eT, 
and < t < 1 he given, and choose k such that 10~^t < rk < t; thus k > 0. Write 
z = f{x) for some a: e Sq and set y = fk{x)', note that |j/ — ^| < Cer}. by (6.9), so 
B{z,t)cB{y,Urk). 

Let P be as in Lemma 6.12, and let us check that (6.16) holds for P{z,t) = P. 
For 2' e S n B(z,t), let x' e So be such that f(x') = z', and set y' = fk{x'). Then 
\y' — z'\ < Cevk by (6.9), so y' G S^nSd/, 12rfe). Lemma 6.12 says that dist(y', P) < Cevk 
(recall that F is a small Lipschitz graph over P that passes through y because y e E^). So 
dist(^', P) < Cerk < Get, as needed. 

Conversely, if e P fl B{z, t). Lemma 6.12 gives y' e such that \y' — w\ < Cerk, 
let x' e So be such that fk{x') = y' and set z' = f{x') e E. Then \z' — y'\ < Cerk by 
(6.9), so \z' — w\ < Cerk < Cet, as needed again. This proves (6.16); Proposition 6.15 
follows. □ 

Remark 6.17. If we accept to use the standard Reifenberg theorem, we are ready to 
prove Theorem 1.10 now. Indeed, let E be as in the statement. Take Eq = -P(0, 10) and, 
for each k > 0, choose a maximal collection {xj^k}, j ^ Jk, in E, subject to the constraint 
that \xi^k — Xj^kl > ^k, as in (2.1). As was observed below (2.3), our constraint (2.3) is 
satisfied, just because E C by maximality. 

The Lipschitz properties (2.4)-(2.6) of Eq are satisfied, with P^ = P(0, 10) and F^ = 0, 
just because Eq = P{0, 10), and (2.7) (although with the constant Ce) follows from (1.6) 
for P(0,10). 

For j e Jfe, set Pj^k = -P(a^j,fe, lOr^); then (2.8)-(2.10) (with Ce again) follow from 
our coherence conditions (1.8) and (1.9), and the triangle inequality. So we get a coherent 
set of balls and planes, and we can define / as above. The reader may be surprised that 
we only use (1.6) for P(0, 10), but what happens is that the coherence conditions (1.8) 
and (1.9), plus the fact that P{xj^k, lOrfc) contains xj^k, force E to stay close to the Pj^k 
anyway. 

By (6.2) and the fact that E C by maximality, we deduce that i? C E, which 
by Proposition 6.15 is Reifenberg-fiat with a constant less than Ce. The existence of a 
bi-Holder mapping as in Theorem 1.10 is the standard Reifenberg Theorem, applied to E. 

The construction of Sections 3-5 is the main part of Reifenberg's topological disc 
theorem. In the following sections we get precise distortion estimates for the akS. While 
they are not needed for the proof of Theorem 1.10 they yield very useful information. 
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7. Distortion estimates for Dufc 

We want to see how much our mappings fk distort lengths and distances, and since 
Section 5 gives a good local Lipschitz description of the S^, it will often be enough to 
control the derivative Dak- We shall mostly worry about the effect of Da^ on the vector 
space TTikiy) parallel to the tangent plane to at G Efc, because anyway we shall later 
replace / on MJ^ \ Eq with another function g. We start with a simple estimate that holds 
everywhere. 

Lemma 7.1. For k >0, ak is a C^-diffeomorphism from Sfe to T,k+i and, for y G S^, 

(7.2) D(jk{y) : TT,k{y) TT,k+i{akiy)) is bijective and (1 + Cs)-bi-Lipschitz. 
In addition, 

(7.3) \Dak{y) • V - v\ < Cs\v\ for y e T,^ and v e THkiy) 
and 

(7.4) \ak{y)-(Tk{y')-y + y'\<Cs\y-y'\ fory^y'^T^u- 

We already know from Lemma 6.12 that the are submanifolds, and (Tk '-^k ^ 
Sfc+i is smooth by construction and surjective by definition. We will also know that it is 
injective as soon as we prove (7.4), and that it is a diffeomorphism as soon as we check 

(7.2) . 

Let us check (7.3) first. Recall from (5.13) that for j G Jk 

(7.5) \Dak{y) - Dnj^k - My)DTTj-^k\ < Ce for y G n 455^-^ 

but also, from the local description of S/. in (5.5)-(5.7), that TT,k{y) makes an angle less 
than Ce with Pj^k- Thus, if v G TT,k{y), {DiVj^k ■ v + ipk{y)DT:j-^ ■ v — v\ < Ce\v\. That is, 

(7.3) holds for y G V^^ = VJj^j^AbBj^k- On the other hand, it is also trivial on \ V^^., 
because there Dak{y) = / by (4.5). So (7.3) holds. 

It immediately follows from (7.3) that Dak{y) ■ TE^d/) —>■ TJ^k+ii^^kiy)) is (1 + Cs)- 
bi-Lipschitz, and in particular injective. It is also surjective, since the two spaces have the 
same dimension. So (7.2) holds. 

Finally let y,y' G E^ be given. If \y' — y\ > rk, (7.4) holds because \<7k{y) — Cfcd/') — 
y + y'\ < Wkiy) — y\ + Wkiy') — y'\ < C^i^k by (6.8). Otherwise, Lemma 6.12 gives a 
path J : I ^ T,k that goes from y to y', and with length(7) = Jj \Y{t)\dt < 2\y' — y\. Then 



(7.6) 



Wk{y) - cFk{y') -y + y'\= j {cFk^ i)'it)dt - j -f'{t)dt 



^ [Dakiiit)) ■ i{t)dt - y(t)] dt\ <CeJ^ \y{t)\ < 2Ce\y - y'\ 
by (7.3); (7.4) and Lemma 7.1 follow. □ 
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Lemma 7.1 is essentially all that will be needed for the bi-H61der estimates in Reifen- 
berg's classical theorem or Theorem 1.10, but for our bi-Lipschitz results we need more 
precise estimates. For the rest of this section, we shall concentrate on what happens at 
y E V^, because then Corollary 4.14 applies and 

(7.7) Dakiy) = Yl ^oMDiTj^k + J] T^jMne^^M 

by (4.16). We want to improve slightly over the estimates in Corollary 4.14, and in partic- 
ular keep track of the places where the distances between the Pj^j^ are significantly smaller 
than e. So we set 

(7.8) Ekiy) = sup {da;. ^^ioor^{Pj^k,Pi,k) ;ij ^ Jk, y e 105^,^ n 105^,^} 

for A; > and y G V^'^ (when the supremum does not concern an empty set), and Sk{y) = 
for yeW\ V^^. Note that ek{y) < e, by (2.8). 

Lemma 7.9. For k>0 and y e Sfe fl 14^, choose i E Jk such that \y — Xi^k\ < lOrfc. Then 
(7.10) |c7fe(y) - 7Ti,k{y)\ < Cskiy) rfc, 



(7.11) \Dau{y)-DTTi,k\<Cek{y), 
and 

(7.12) Angle(TEfe+i(afc(^/)), P,,k)) < Cskiy). 

Indeed recall that 

(7.13) (Tk{y) - TTi,k{y) = Oj,k{y)[7rj,k{y) - ^iAv)] 

jeJk 

by the second part of (4.2) and (3.12). Next 

(7.14) da:^ ,^,ioork{Pi,k,Pj,k) < £fc(y) when ^j,fc(y) ^ 0, 
because then y e lOS^^fe n lOBj^k and by the definition (7.8). Hence 

(7.15) ki,fc(y) - 7rj,fc(y)| < Csk{y)rk 

for j as above, and (7.10) follows from (7.13) because ^^^j^ ^j,k{y) — 1- Next, 

(7.16) Dak{y) - Dn^^k = ^ 6j^k{y)[DT^j,k - D^^i^ + Y l-'^jAy) - 7rz,fc(l/)]^6'j,fc(l/) 
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by (7.7) and again because Y^j^j^ Oj^k = 1 near y. By (7.14), \D7rj^k - Dwi^kl < Cek{y) 
when 6j^k{y) ; (7.11) follows from this, (7.15), and the fact that \Dej,k{y)\ < Cr^^ by 
(3.10). ' 

Finally we check (7.12). Let w G TEfc_|_i(a"fc(|/)) be given, and write w — Dak{y) -v for 
some V e TT^k[y). By (7.2), \v\ < (1 + Ce)\w\. Denote by P/^ the vector d-plane parallel 
to Pi^k\ then 

(7.17) dist(w;,P(;,) <\w- DTTi^k{v)\ = \[Dak{y) - DiTi^u] ■ v\ < Ceu{y)\v\ < 2Cek{y)\w\ 

by (7.11). Thus every point of TSfe_|_i((jfc(|/)) lies close to P/^j; (7.12) follows because 
TEfc+i(cr/s(j/)) and P/^ are both d-dimensional. This proves Lemma 7.9. □ 

We shall obtain better estimates (of order 2) in some directions, but in terms of the 
following numbers that also take the previous generation into account. Set 

, s 4(l/) = sup {(ia;,,i,ioon(i^j,fc, Pi,i) ; j e Jk, I e {k- 1, /c}, 

ieJi, and y e lOPj, fe n llPi,i} 

for A; > 1 and y e V^^° and e'^iy) = when y e \ Vj^^ (when there are no pairs (j, k) as 
above). These are the same numbers as in (2.21) and (2.22). Notice that 

(7.19) sniy) < e'M < Ce, 

by (7.8), (2.8), and (2.10). Let us first control some angles and distances. 

Lemma 7.20. For k > 1 and y e fl V^, choose i E Jk such that \y — Xi^k\ < lOr/., 
I e Jk-i such that \xi^k-i — Xi^k\ < 20rk, and z e Sfe-i such that y = ak-i{z). Then 

(7.21) ek-i{z)<40e'M, 

(7.22) Angle(TSfc(y), P,,^) < Ce'M, 
and 

(7.23) \D7ri,k • {7^j,k{y) -y)\< Ce'kiyfrk for all j e Jk such that y e 10Pj,fc. 

Recall that we can find z, and z as above, by the definition (2.2) of V^^, by (2.3), 
because k > 1, and by definition of E^. Notice that 

(7.24) \z-y\ = \z- ak-iiz)\ < Cevk and z e Ek-i n 4P/,fe_i 

by (6.8) and because \z - xi^k-i \ < \z - y \ + \y - Xi^k \ + \xi,k - xi^k-i \ < Cevk + 30rfc. 
Let m e Jfc-i be such that z G 105^,^-1. Then y e llBm,k-i and we claim that 

(7.25) cia;^,fc_i,200rfc_i(-Pi,fc,-Pm,/e-l) < lOrfx^ fc_i,100rfc_i (-Pi,fc, -Pm,fe-l) < 104(y)- 
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Set a = ci^^_fc_i,ioorfc_i(-Pi,fc,-Pm,fc-i)- Since Xm,k-i e Pm,k-i we can find ym e 
Pi^k such that \xm,k-i - Vml < lOOarfc-i. For x e Pm,k-i n S(a;^,fc_i, 200rfc_i) \ 
100rfc_i), set w = Xm,k-i + 100rfc_i|x - Xm,k-i\~^{x - Xm,k-i)- Then w e 
Pm,k-i n B{xm,k-i, lOOrfc-i) and there exists w' G Pi^k so that \w — w'\ < lOOrfc-ict. A 
straightforward computation shows that w = ym + \x — Xm,k-i W''^' ~ Vm | ~^ {w' — ym) € Pi,k 
satisfies |?2;— < 2000Q;r/e_i. Thus sup { dist {x, Pi^k) ; x e Pm,k-i(^B{xm,k-i, 200rfc_i)} < 
2000arfc_i. A similar computation shows that the same inequahty holds when the roles 
of Pi^k and Pm,k-i are reversed, which ensures by (1.7) that the first inequality in (7.25) 
holds. The second inequality in (7.25) comes from the definition in (7.18). 

If m' e Jfe-i is another index such that z e li)Bm' ,k-ii 

(7 26) '^^rn,k-iAQQrk-i{Pm' ,k-l-,Pm,k-l) < 2dx^ ,^_j^,200rk-iiPi,k,Pm,k-l) 

+ '^d^m',k-i,^OOrk-i{Pi,k, Pm',k-l) < 404(y) 

by the triangle inequality, because B{xm,k-iA50'>^k-i) C B{xm',k-i,^QO'>^k-i), and by 
(7.25) and its analogue for m'. This proves (7.21) (compare with (7.8)). 

Next recall that z e Sfc_i fl ABi^k-i (by (7.24)), so we may apply (7.12) and get that 

(7.27) Angle(TSfc(2/),P,,fe_i) < Cek-i{^) < Ce'M 
by (7.21). Now (7.22) follows because 

(7.28) Angle(P^,fc_i,Pi,fe) < C4,,,_,,ioor.(J"«,fe-i, A,fe) < Ce'^ijj) 

by (7.18) and because y G lOSi^^ fl 3Bi^k-i- 

Let us now prove (7.23). By (7.24), we can apply (7.10) to z G Sfc-i ^ 4P;^/-_i and 
get that 

(7.29) \y - 7ri,k-i{z)\ = \crk-i{z) - 7ri^k-i{z)\ < Cek-i{z)rk < Ce',.{y)rk 

(by (7.10) and (7.21)) and then, if j G Jk is such that y G 10-8-,-^^ (as in the assumption). 



(7.30) 



kj,fe(y) -y\= dist{y, Pj^k) < dist(y,Pi,fe_i) + 100rfc_ida;,,fc_i,ioorfe_i (-P/,fc-i, -P/./c) 
<\y- 7ri^k-iiz)\ + Ce't.{y) ru < Cs'f.{y) ru 



because y G IQBj^k H IQBi^k-i and by (7.18). But 'nj,k{y) — J/ is orthogonal to Pj,k, hence 
nearly orthogonal to Pi,ki so that 

(7.31) \DTTi^k ■ {T^j,k{y) -y)\^ Cskiy) \TTj,k{y) -y\< Cek{y)e'k{y) < Ce'^iyfrk 

by (7.8), (7.30), and (7.19); (7.23) and Lemma 7.20 follow. □ 

Lemma 7.32. For k > 1 and y G fl V^, choose i & Jk such that \y — Xi^k\ < lOr^. 
Then 

(7.33) \D7Ti,k o Dak{y) o Dir^^k - DT^^kl < Ce'^{yf, 
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and 
(7.34) 



Recall that TT,k{y) is the vector space parallel to the tangent plane to E/j at y; thus 

(7.34) is a distortion estimate for the restriction of Dak to TH^^y), which will be useful 
when we need to estimate \f{x) — f{y)\- 

Let us first check that for y e M", k >0 and j, k e Jk such that y G lOBi^^ H 10-Bj,fe: 

(7.35) iDwi^k o [DTTj^k - Dm^k] o Dm^kl < Cek{yf. 

Let u G be given, and set v = DiTi^k ■ u and w = Dwj^k ■ v then w — v E P^^ , so 
it is almost orthogonal to Pi^k ^md 



(7.36) 



= \DTTi^k ■iw-v)\< Cek{y)\w -v\< Cek{yf\v\ < Cskiy) 



u\ 



by (7.8); (7.35) follows. 

Now let y and i E Jk he as in Lemma 7.32. By (7.7), 

(7.37) DiTi^k o Dak{y) o D'Ki^k - D'ni,k = + ^2, 
with 

(7.38) Ai = -D-Ki^k + Oj^k{y)D'Ki^k o DTTj^k ° Dwi^k 
and 

(7.39) ^2=5^ [Dni,k ■ 7:j,k{y)] [DOjM ° • 
RecaU that y G 14^, so Y^jeJk ^j,M = 1 by (3.12) and (3.13), and 

l^ll = I ^ dj,k{y) [DT^i,k ° DlTj^k O DTTi^k - DlTi^k] \ 

(7.40) ^ I XI ^j,k{y)D'Ki^k ° [DTTj^k - DTTi^k] ° DTTi^kl 

jeJk 

^ XI ^j,fc(y)|-D7ri,fc o [DiTj^k - DTTi^k] ° DiTi^kl - ^^k{yf 



by (7.35) and because y G 10.8^^^ fl 105^^^ for all j G Jk such that dj,k{y) 7^ 0. Similarly, 
i^j£Jk ^^3,k{y) = because y G V^^, so 

I-42I = I ^ [Dm^k ■ [t^jAv) - y)] [DOj,k{y) o D-Ki^k] 



(7.41) '^^^ 



<Ce'M^rkY.\De,,k{y)\<Ce'k{y) 

j€Jk 
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by (7.23) and because \D9j^k{y)\ < Cr^^ by (3.10) (recall that the sum has less than C 
terms as the number of balls Bj ^ such that Bj^^ H 7^ is bounded by a constant that 
only depends on n). Now (7.33) follows from (7.41), (7.40), (7.37), and (7.19). 

Next let f be a unit vector in TTjk{y), and write Dak{y) ■ v — wi + W2 + W3, with 
wi = D7T^j^oDak{y)-v, W2 = D7Ti^k°Dak{y)oD7Ti^k-v, and W3 = D'Ki^k°Dak{y)oD'Kl^^.-v. 
Observe that 

(7.42) \wi\ = \Dt:1^^ o [DaM - Din^k] ■ v\ < Cskiy) 
because Dir^f^ o Dwi^k = and by (7.11), 

(7.43) \w2 - D-Ki^k ■ v\ = llDm^k o Dak{y) o Dm^k - Dni^k] ■ v\ < Ce'^iyf 



by (7.33), and 
(7.44) 



wsl = iDm^k o [D(Jk{y) - Dm^k] o D^^^k • ^| < Cek{y) \Dn:^k ' ^1 



< C£fc(y) Angle(TSfe(y),P,,fe)) < C£fe(y)4(y) < Ce'M^ 
by (7.11), (7.22), and (7.19). Thus 

\\Dakiy) ■ v\'' - 1\ = \\wi\^ + \w2+ws\'' -1\ < \\w2\^ - l\ + Cs'M' 



(7.45) 



because Wi is orthogonal to W2 + w^^ by (7.42), (7.44), (7.43), and because 1 = \v\'^ = 
IDtt,,, ■ + \D'kI^^ ■ v\\ Now |I?7r,^^ ■ v\ < Angle(TEfc(2/), P,,fe)) < Ce'^{y) by (7.22), so 

\\Dak{y) ■ v\'^ - l| < Ce'i^iy)^, as needed for (7.34). Lemma 7.32 follows. □ 

8. Holder and Lipschitz properties of / on Eq 

In this section we use the distortion estimates from Section 7 to prove that the restric- 
tion of / to Eq is bi-Holder in general, and bi-Lipschitz if we have a good enough control 
on the ek{z). This will be used later to control the function g. 

Proposition 8.1. There is a constant C > such that, with the notation of the previous 
sections and if e is small enough, 

(8.2) (1 - Ce)\x - y\'+^^ < \fix) - /(y)| < (1 + Ce)\x - yl^-^^ 
for x, J/ e So such that \x — y\ < 1. 

Recall from (6.9) that 

(8.3) |/(a;) - fk{x)\ < Csrk for a; e Sq and /c > 

and in particular |/(a;) —x\< Cs, so we also have a good control when |a; — j/| > 1, namely, 
\\f{x)-f{y)\-\x-y\\<Ce. 
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Now let y e So be given, with < \x — y\ < 1, and set = fki^) and yk = fkiu) 
ioT k >0. Let us check that 

(8.4) \xm-ym\ <{l + Ce)'^+^\x-y\ for m > 0. 
Choose a smooth arc 7 : / — > Sq, that goes from x to y, and such that 

(8.5) length(7) < (1 + Ce)\x - y\. 

Such a curve exists, by the description of Eq as a Lipschitz graph near (2.4), and 

(8.6) ym-Xm = D{fm O ^){t)dt = ^ Dfm{l{t)) ■ l' {t)dt 

by the fundamental theorem of calculus. Fix t E I, and set Zk = fk{l{t))- Also set 
Vk = DfkHt))-i{t) for < A; < m; thus vo = i{t), = Dfm{l{t))-i{t), and by (4.1), 
Vk+i — Dak{zk) ■ Vk for k < m. By definition Vk G TTik{zk) for < /c < m. 
For the sake of Proposition 8.1, we just need to know that 

(8.7) \vk+i\ = \Dak{zk) ■ Vk\ < (1 + Cs) \vk\ 
by (7.2), which implies that 

(8.8) \Dfm{l{t)) ■ 7'(t)| = l^ml < (1 + Car \vo\ = (1 + Car \l\t)\. 

Let us record slightly better estimates, that will be used later for our bi-Lipschitz results. 
When Zk ^ V^^, then Dak{zk) = / by (4.5), so Vk+i = Vk- When Zk G V^, Lemma 7.32 
says that 

(8.9) \\vk+i\ - \vk\ \ = \ \Dak{zk) ■ Vk\ - \vk\ \ < Ca'k{zkf\vk\, 
and hence 

(8.10) \vk+i\ < [1 + Ca'k{zkf] \vk\. 

Now Lemma 6.5 says that if Zk G V^^° \ for some k, then zi e V^"^ C V^® for I < k, and 
zi e'£i \ Vi^^ for / > k. Thus we only need to use (8.7) once, and otherwise we can rely on 

(8.10) or the trivial estimate. Thus 

(8.11) \Dfmm)-y{t)\ = Kl < {1 + Ca)\y{t)\ n [1 + Ce'k{zkr]. 

0<k<m;ZkeV^ 

We return to (8.6) and get that 

(8.12) Ix^-yml < {1 + Car J^W{t)\dt<{l + Car+^\x-y\ 
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by (8.8) and (8.5). This proves (8.4). 
Now we want to check that 

(8.13) \xm-ym\>{l + Ce)~'^~^\x-y\ for m > such that 



(8.14) \xk — yk\ ^i^k for < < m. 

We may assume that m > 1, because (8.13) is trivial for \xq — yo\ = \x — y\. Recall from 
Lemma 6.12 that coincides with a small Lipschitz graph in Biy^, IQr^); then there is 
a curve 7 : / — > S^, that goes from Xm to y^, such that 

(8.15) length(7) < (1 + Ce) \xm - ym\- 

Recall from Lemma 7.1 that each : — Ti^+i is a diffeomorphism, so we can 
define a^^ : T^k+i ~^ a-nd /"-"^ : Eq. Now o 7 : / ^ Eq is a path from x to 

y, and 

(8.16) ^ ~ ^ ^ / ° ^^^^^"^^ ^ / ^^^^^^ ■ ^'^^^"^^ 

by the fundamental theorem of calculus. Fix t E I, and set zq = fm^{n{t)) and Zk — 
fk{zo) = fk o /-'(7(0) for 1 < /c < m. Then set = Df-\^{t)) ■ i{t). Observe that 

(8.17) l'{t) = Dfm{zo)-vo 

because D f^^{'^{t)) is the inverse of Dfm{zo). Then set = Dfk{zo) ■ vq for k < m. In 
particular, Vm = I'it) by (8.17). The chain rule says that 

(8.18) Vk-\f-\ = Dak{zk) ■ Vk for < /c < m. 

Note also that Vk G T'Ek{zk) by the definition. We now argue as for the upper bound (8.4). 
First observe that 

(8.19) |^;fc+i| = \Dak{zk)-Vk\ > {l + Ce)-^\vk\ 
by (7.2), so 

(8.20) \Df-\^it)) ■ 7'(t)| = l^ol < (1 + Car \vm\ = (1 + Ce)- Wit)\. 

Let us also record here a better estimate. When Zk ^ Vk^, then Dak{zk) = / by (4.5), so 
Vk+i — Vk- When z^ G V^, Lemma 7.32 says that 

(8.21) \\vk+i\ - \vk\ \ = \ \D(7k{zk) -Vkl - \vk\ \ < Ce'k{zk)'^\vk\, 
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and hence 
(8.22) 



\vk+i \ > [1 + Ce',^{zkf] ^\vk\. 



As before, Lemma 6.5 says that we only need to use (8.19) once, and otherwise we can 
rely on (8.22) or the trivial estimate. Thus 



(8.23) 



\Df-\7it)) ■ Y{t)\ = l^ol < (1 + Ce) \vm\ n [1 + 

0<k<m;zkeV^ 

<(i + C£)iy(t)| n [i + csi{zkr]. 

0<k<m;zkeV^ 



m+1 



Vm I 



We return to (8.20), plug it into (8.16), integrate, and get that 

(8.24) \y-x\< J^\Df-\^{t))-y{t)\dt<{l + Cer Jy{t)\dt<{l + Ce) 

by (8.15). This completes our proof of (8.13). 

We are now ready to prove (8.2). Observe that 

(8.25) 10-- = r^> \xm - Vml > (1 + Ce)"-" ^ - y\ 

for every m such that (8.14) holds, by (8.13). Hence (8.14) cannot hold for m large, because 
the left-hand side tends to much faster than the right-hand side (recall that we assume 
that X ^ y). 

Since |x — 1/| < 1, we have (8.14) for m = 0; hence there is a largest m > such that 
(8.13) holds, which for convenience we still call m. Thus \xm+i —ym+i \ > rm+i, and since 
\xm+i -Xm\ + \ym+i - Vm] < CsTm by (6.8), wc get that 



(8.26) 



rm+1 



We also have (8.25), which by taking logarithms yields mln ^jip^j < In ^ ^x-y\ ) ' hence 



m < 



ln(9) 



In 



(8.27) 



x-y\ 
In 



. Now (8.4) and (8.13) yield 



\ \x — y\ / \\x — v\/ 



x-y\ 



At the same time, 

(8.28) \f{x) -Xm\ + 1/(2/) - Vml < Cer, 

by (8.3) and {x^ - Vml > rm+if^ by (8.26), so 



(8.29) 



In 





-ny)\ 




-Vm] 
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< Ce, 



hence 



1 /1£(£WM) <C£ln(^) 

V \x — v\ / \\x — vl/ 



\x - y\ 



and 



x-y\ 



(8.30) / 2 x-c. . 2 



which impHes (8.2). Proposition 8.1 foUows. □ 
Remark 8.31. The proof of Proposition 8.1 also yields 

(8.32) (1 - Ce)\x - < |/,(x) - fkiy)\ < (1 + Ce)\x - yj^-^^ 

for all /c > 1 and x,y E T,o such that |x — y| < 1. When k < m (the largest integer for 
which (8.14) holds, we just use (8.4) and (8.13); when k > m, we just replace (8.28) with 

(8.33) \fk{x) -Xm\ + \fk{y)-ym\ < Cevm 

and conclude as before. Also, (8.32) is nothing more than (8.2) applied to the mapping / 
that we would get by replacing all J^, i > /c, with the empty set. 
The same remark applies to Proposition 8.34 below. 

With Proposition 8.1, we have a proof of the weaker variants of Theorems 1.1 and 
1.10 where we only want to define / on the plane P(0, 10). Similarly, Proposition 8.34 
below will lead to weaker variants of Theorem 1.13 and Theorem 1.18 once we sort out the 
relations between the Jq ( see (1-16)) and the e'^. [But we shall not do this before Sections 
12 and 13.] 

Proposition 8.34. Suppose that for some M < +oo 

(8.35) J2^'k(fki^)f ^orze So, 

fc>0 

where the e'j^{fk{z)) are as in (2.21)-(2.22) or (7.18). Then / : Sq — > S is bi-Lipschitz. 

We do not try to make (8.35) look nicer for the moment; we shall make attempts in 
this direction in Sections 12 and 13. We keep the same proof as for Proposition 8.1 above, 
but instead of (8.8) and (8.20) we use (8.11) and (8.23). In both case the product is less 
than C{M) by (8.35), and we get that 

(8.36) (1 + Ce)-^C{M)-^\x - y\ < \xm - ym\ < (1 + Ce)C{M)\x - y\ 

by the proof of (8.12) and (8.24). We apply this to the same m as above (the largest one 
for which (8.13) holds); then (8.29) still holds. Thus 

(8.37) (2C(M))- V -y\< \f{x) - f{y)\ < 2C{M)\x - y\. 

This takes care of the case when |a; — y| < 1, but the situation when |a; — y| > 1 is even 
better, because |/(a;) — x\ + \ f{y) —y\<Cs by (8.3). Proposition 8.34 follows. □ 
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9. C^-regularity of the S/, and fields of linear isometries defined on Sq 

We first focus on the regularity of the approximating surfaces S^, and in particular 
the fact that the tangent direction T12k{y) is a Lipschitz function of y G E^. 

We shall measure distances between d-dimensional vector subspaces V, V by setting 

D{V,V') = Max|sup{dist(t;,y') ; v G F n S(0, 1) }; 

sup { dist(v', V);v'eV'r\ B{0, 1)}|. 

This is equivalent to the notion of angle used so far. 

Lemma 9.2. We have that for k > and x, x' e Eq such that \x' — x\ < 10, 

(9.3) D(TSfc+i(/fc+i(a;)),TSfe(/fc(a;))) < CiS 
and 

(9.4) D{TJ:k{fk{x')),TEk{fk{x))) < C2sr^^\fk{x')-fk{x)\. 

Let us first prove (9.3). Let k > and x G Eq be given. Set y = fk{x). If y G E^\ V^^-^, 
(6.10) says that ak{w) = w near y, so TE/j_|_i(/fe_|_i(a;)) = TEfc(/fc(a;)) and (9.3) is trivial. 

If y G Efc n V^^, choose j G Jk such that y G llBj^k, Proposition 5.4 gives a good 
description in AOBj k of both S/. and E^+i, as a Ce-Lipschitz graphs over Pj^k- Since both 
fk{x) = y and fk+i{x) = crk{y) lies well inside 405^,^ (by (6.8)), we get (9.3). 

We shall prove (9.4) by induction. When A; = 0, we need to show that D(TEo(x'), TEo(a;)) 
< Ce\x' — x\. This follows from the local Lipschitz graph description of Eq in Section 2, 
and in particular (2.4). 

Now suppose that k >0, assume that (9.4) holds for k, and prove it for A; + 1. Set 

(9.5) D = D(TEfc+i(/fe+i(x')),TEfe+i(/fe+i(x))), 
y = fk{x)i and y' = fk{x'). Observe that 

D<I)(TEfc(/fe(a;')),TEfc(/fc(a;))) + 2D(TEfc+i(/fc+i(xO),TEfc(/fc(x'))) 

(9.6) +2D(TEfe+i(/fc+i(a;)),TEfe(A(x))) 

<C2er^'\y' -y\ + 2Cie 
by induction assumption and (9.3). If |y' — y\ > r^, |cfe(y') ~ <^k{y)\ ^ \y' ~ y\ ~ Cevk > 

|y'-y|/2, so 

(9.7) C2er^'\y'-y\ < ^ r^l^\akiy') - ak{y)\ 

because rk+i = Tfe/lO. At the same time, \crk{y') — Cfe(j/)| > \y' — J/|/2 > r/s/2 = 5rk+i, so 

2C £ 

(9.8) 2C^e < -^r^l,\ak{y') - c7k{y)l 
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and (9.4) for A; + 1 follows from (9.5)- (9.8) if we take C2 > Ci. So we may now assume 
that \y' -y\< Vk- 

Let f be a unit vector in TTjk+i{fk+i{x)), and use Lemma 7.1 to find u G TJ^kiv) 
such that V — Dak{y) ■ u. Note that |u| < 1 + Ce by (7.2). By our induction assumption 
(9.4), we can find u' e TT,k{y') such that 

(9.9) \u' -u\<{l + Ce)C2er];^\y' -y\, 

and of course v' = Dak{y) ■ u' lies in Tllk+i{fk+i{x'))i so 

rq dist{v,TT.k+i{fk+i{x'))) < \v' -v\^ \Dak{y') ■ u' - Dak{y) ■ u\ 

<\Dak{y')-{u' -u)\ + \[Dak{y')-Dak{y)]-u\ 

Let us check that 

(9.11) \Dak{y')\ <1 + Ce. 

When y' e ^k\V,^^, Dak{y') = / by (4.5). Otherwise, (5.13) says that \Dakiy') - Dnj^k - 
il)k{y')DTxj-jJ\ < Ce for some j e Jk', (9.11) follows because iDnj^k + i^k{y')D7r^i^\ < 1. Now 

(9.11) and' (9.9) yield 

(9.12) \Dak{y') ■ {u' - u)\ < (1 + CefC2sr^'\y' - y\ < 2C2er^'\y' - y\. 

We also want to estimate [Dak{y') — Dak{y)] ■ u. When we differentiate the first part 
of (4.2), we get that 

(9.13) Dakiy) = ^ + E D9j,k{y)[7Tj,k{y) ' v] + Yl ^3,k{y)[D^3,k - /]• 

Thus Dakiy') - Dak{y) =A + B + D, where 

(9.14) A=J2 m,k{y) - De,,k{y)] [nj,k{y') - y'], 

i&Jk 

(9.15) ^ = E ^^^'"^^^ "^""'^^^y'^ ""^'"^^^ + ^] 
and 

(9.16) = J] [e^^kiy') - e^M] pTT,- - /]. 

i^Jk 

Let j e Jk be such that DOj^k{y') — D9j^k{y) 7^ 0; then y G lOBj^k or y' G lOSj^fc, and 
in both cases G fl llBj^k because we now assume that \y' — y\ < Vk- By (5.5)-(5.7) 
in Proposition 5.4, |7rj,fc(y') — y'\ = dist(|/', Pj,k) < Cevk- Thus 

(9.17) 1^1 < CrfW - ylk,- fe(y') - y'\ < Csr^'\y' - y\ 
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by (3.10). 

Next let j be such that DOj^kiv) 7^ 0; as before, y G lOBj k and hence y' G llBj f~. By 
Proposition 5.4, both points he on a Ce-Lipschitz graph over Pj,kj so 

(9.18) \^j,k{y') -V'- ^jAv) + y\< Ce\y' - y\ 
and hence 

(9.19) B<Cerl%' -y\ 
by (3.10). 

For D, observe again that y G llBj ^ when 9j,k{y') ~ (^j,k{y) 7^ 0, then (5.6) and (5.7) 
in Proposition 5.4 say that \DiTj^k ■ u — u\ < Cs\u\ for u G TTjk{y), so that 

(9.20) \D-u\<J2 \^3.k{y')-^j,k{y)\ \DTTj,k-u-u\<CeT^^\y' -y\\u\ 
by (3.10) again. FinaUy, 

(9.21) \[Dak{y') - Dak{y)] ■ u\ < \A\\u\ + \B\\u\ + \D ■ u\ < Cer^^\y' - y\ 
because \u\ < 1 + Ce, and 

(9.22) dist(v, TEfc+i(/fe+i(a;'))) < (2C2 + C)sr^'\y' - y\ < ZC^er^^W - y\ 

by (9.10), (9.12), (9.21), and if C2 is large enough. Of course the proof of (9.22) also yields 
dist(w',TSfc+i(/fc+i(x))) < 3C2£r^^||/' - y\ for any unit vector v' G TYlk+i{fk+i{x')), so 

(9.23) L>(TSfc+i(/fc+i(x')),TEfc+i(/fc+i(x))) < 2,C2er]^^\y' - y\. 
RecaU from (7.4) that 

y\ < Wkiy') -c^k{y) \ + Wkiy) ~(Jkiy') -y + y'\ 

< \(^k{y') - crk{y)\ + Ce\y - 

y\ < 2|crfc(y') - ak{y)\ = 2\fk+i{x') - fk+i{x)\. 

Now (9.4) for /c + 1 follows from (9.23) and (9.25), because rk — lOr^+i. This completes 
our proof of Lemma 9.2. □ 

Let us encode Lemma 9.2 in terms of orthogonal projections. For k > and y G 
E/j, denote by TTy^k the orthogonal projection onto TT,k{y)i and by tt^^ = I — iZy^k the 
orthogonal projection onto the orthogonal subspace. Note that TTy^k and tt^^ are 
functions of y, because Efe is (by Lemma 6.12), and we could compute iZy^k locally, 
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(9.24) 
and hence 

(9.25) W - 



with a fixed orthogonal basis of W^, a description of in coordinates, and a Gram- 
Schmidt orthogonahzation process to compute the projections. In addition, since tTj, ^ is a 
Lipschitz function of TE/j(y), we get the following immediate consequence of Lemma 9.2. 

Lemma 9.26. For k>0 and x, x' e Eq such that \x' — x\ < 10, 

(9-27) |7r/^+i(x),fc+i - T^M^),k\ < Ce 

and 

(9-28) k/fe(x'),fc - '^h{x)A < Csr^^\fk{x') - fk{x)\. 

Now we want to construct fields of linear isometrics defined on Eq. This corresponds 
to the construction of coherent orthonormal bases in [Mo] and [To], except that since we 
do not want to assume that Eq is orientable, for instance, we cannot start our construction 
with the knowledge of a smooth choice of orthonormal basis for TT,o{x). So instead we 
shall define smooth mappings Rk on Eq, with values in the set of linear isometrics of IR", 
and such that for a; e Eq and A; > 0, Rk{x){TT,o{x)) = TT,k{fk{x)). 

Proposition 9.29. Let TZ denote the set of linear isometrics ofW^. Also set 



(9.30) Tk{x) = TEkifkix)) for x e Eq and /c > 0. 
There exist mappings i?fc : Eq — > TZ, with the following properties: 

(9.31) Ro{x) = I for X e Eq, 

(9.32) Rk{x){To{x)) = Tk{x) for x e J^o and k > 0, 

(9.33) \Rk+i{x) - Rk{x)\ < Ce for x e and k > 0, 
and, if we set 

(9.34) Rk{y) = Rk o f^\y) for y^T^k 

and denote by DyRk the differential of Rk{y) with respect to y eT,k, 

(9.35) \DyRk+i{y)\ < Cir-^^e for /c > and y e E^+i. 



Note that f^^ : E^ — > Eq is well defined and C^, by Lemma 7.1. We again give a 
special name to Ci in (9.35) to clarify role of constants in the proof by induction. 

As strongly suggested by (9.31), we take Ro{x) / for x G Eq. Now let > be 
given, assume that we already constructed R^ : Eq — 7^ with the desired properties, and 
construct Rk+i- As a first attempt, we set y — fk+i{x) for a; e Eq and try 

(9.36) Sk{x) = TTy^k+l O Rk{x) O TTxfi + TT^fe+l ° Rk{x) O TT^g. 
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This is probably not an isometry, but at least 

(9.37) Sk{x)(To{x)) C Tk+i{x) and Sk{x){To{x)^) C Tk+i{x)^. 

Next, Sk{x) is a function of x, because Rk{x) is (by induction assumption), the fk 
are on Eq, Sq is C^, and TTy^k+i is a function of y e '^k+i- Set 

(9.38) Sk{y) ^ Sko fk+i{y) for y e S^+i. 

ySfe is because Sk is C-^ and fk+i is a diffeomorphism from Sq to Efe+i (see 
Lemma 7.1). Since Rkix) = Rk{fk{x)) = Rki(T'^^(y)) when y = //s+i(a;), we get that 

(9.39) Sk{y) = T^y,k+i o Rk{cr~\y)) o Tr^^.o + 7r^fe+i o Rk{a~\y)) o tt^^q. 

We want to differentiate this with respect to y e Efc+i- First denote by Ai the part 
of DySk{y) that comes from differentiating TTy^k+i ^ind 7r^fc_|_i = I — '^y,k+i- Note that 
< Cer^l^ byj9.28), so Ai < 2Cer^l^ (because \RkJ,(T^\y))\ = 1). 
For the part of DySk{y) that comes from differentiating Rk{a^^{y)), we use the fact 
that Da^^{y) is (1 + C£)-bi-Lipschitz on the tangent plane, by Lemma 7.1. If /c > 1, we 
get that 

(9.40) \A2\ < (1 + Cs)\DRk\ < Ci(l + Cs)r^^s < 2Cir^^e 

by induction assumption. When k = 0, DR^ = by (9.31), so A2 = 0. 

Finally let A3 be the part of DySkiy) that comes from differentiating Hxfi and tt^q. We 
know that |-Dx7r2:,o| < Ce by (9.28) (or directly (2.4)), and the differential of a; = f^+iiy) 
with respect to y has a norm less than (1 + Ce)^^^, by (7.2) and the chain rule. So 

(9.41) lAsl < C(l + C£)'=+^£ < Cr^^e 
because r/. = lO"'^. Altogether, 

(9.42) \DySk{y)\ <\Ai\ + \A2\ + l^sl < (2Ci + C)r^^e, 

which gives some hope for (9.35). 

Observe that since R^ maps To{x) to Tk{x) (by (9.32)) and hence To{x)-^ to Tk{x)-^ 
(because it is a linear isometry), Rk{x) = 'JTf^(x),k ° Rk{x) o 7ra;,o + '^f^(x),k ° ^k{x) o tt^q 
and hence 

(9.43) \Rk(x)-Skix)\ < \7Tf^(x),k-'^y,k+l\ + \T^f^{x),k-^y,k+l\ = '^\'^ fk{x),k -'^y,k+l\ < Cs 

by (9.36), because \Rk{x)\ < 1, by (9.27), and because y = fk+i{x). As a consequence, 
Sk{x) is nearly an isometry, and even 

(9.44) Sk{x) eU={S e >C(R",R") ; \SS* - I\ < rj}, 
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where the small r] > e^l'^ will be chosen soon. For convenience we denote by S* the 
transpose of S. We set 

(9.45) = 

where H : U — > 7?. is a nonlinear projection on the set of linear isometrics that we define 

by 

(9.46) H(S) = iSS*)-^/^S for S e U. 

Here the simplest way to define {SS*)'^/^ is to take {SS*)'^/^ = T,n>o^n{SS* - J)*^, 
where ^„>o cinX'^ is the expansion of (1 + a;)~^/^ near 0. The series converges as soon as 
\SS* — I\ < 1, which is the case for S E U. The use of H is our substitute for the Gram- 
Schmidt orthogonalization process used by Morrey [Mo] and Toro [To] to define fields of 
orthonormal bases. As promised, 

(9.47) H{S) en iovS eU, 

since H{S)H(S)* = {SS*)-'^/'^SS*{SS*)-'^/'^ = I because (SS*)-^/^ commutes with SS* 
and its square is {SS*)~^ (say that we could manipulate power series). Also, 

(9.48) H{S) for S en, 

just because SS* = /. Next we want to show that if r] is small enough, 

(9.49) is (1 + 10-2)-Lipschitz on U. 
First observe that \S\ = \SS*\^/'^ < (1 + v)^^'^ for S eU; then 

(9.50) dist{S, n) < \S - H {S)\ ^ \S\ \{S S*)-^/^ -I\<r] forSeU 

(use (9.48) and the power series expansion). If S,S' e U are such that \S' — 5'| > 200r], 
then 

\H{S) - H{S')\ < \H{S) -S\ + \S- S'\ + \S' - H{S')\ 
(9-51) , „ 

<\S-S'\+2r)<{l + 10-^)\S-S'\, 

by (9.50) and as needed, so for the proof of (9.49) we may assume that 5' and S' lie in a 
same ball B of radius 202r] centered on n. Note that H is defined on B, and its second 
derivative on B is bounded by 100, trivially by the power series expansion of {SS*)~^/'^. 
Denote by Dh{S) the differential of H at S E B; we shall check soon that 

(9.52) \\Dh{R)\\ < 1 for Ren 

and this immediately implies that ||Dif(S')|| < 1 + Cr] for S E B, which will complete the 
proof of (9.49) because B is convex. 
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We still need to check (9.52). Let R ETZhe given, and let us check that 

(9.53) Dh{R) ■ A=hA- RA*R) for A e £(M"). 

Let us expand H{S) when S = R + A, with A small: observe that 

(9.54) SS* -1 = RR* + RA"" + AR* + AA* - / = RA* + AR* + 0{\A\'^), 
then (5<S*)-i/2 = / - ^{RA* + AR*) + 0{\A\'^) and 

H{S) = {SS*)-^/^{R + A)^R + A- -{RA*R + AR*R) + 0{\A\^) 

(9.55) 2 
= R+-(A- RA*R) + 0{\A\'^). 

So (9.53), (9.52) follows easily, and we can choose rj so that (9.49) holds. 
From (9.45), (9.48), and (9.43) we deduce that 

\Rk+i{x) - Rkix)\ = \H{Sk{x)) - Rk{x)\ = \H{Sk{x)) - H{Rkix))\ 
< (1 + 10-^)\Sk{x) - Rk{x)\ < Ce, 

so (9.33) holds. Also, 

(9.57) Rk+iiy) = Rk+i{KlM) = H{Skif^^,iy))) = H{Sk{y)) 
by the definition (9.34) and (9.38), so the chain rule gives 

(9.58) \DyRk+iiy)\ < (1 + IQ-^) \DySkiy)\ < (3Ci + 2C)r;^e < C^r^l^ 

by (9.49) and (9.42), if Ci is large enough, and because = lOr^-i-i. This proves (9.35). 

We still need to prove (9.32), and since we do not understand square roots of operators, 
we shall take orthonormal bases. Denote by n the orthogonal projection onto Tk{x), and 
set A = TTy^k+i o TT o TTy.fc+i. This is a self-adjoint operator on M"-, and it maps Tk+i{x) 
to itself (recall that TTy^fe+i is the orthogonal projection onto Tk+i{x)), so its restriction 
to Tfc_|_i(a;) is self-adjoint. Thus there is an orthonormal basis ei, . . . , of Tk^i{x) such 
that A{ei) = A/e^ for 1 < Z < d and some real numbers A/. Note also that A vanishes on 
Tk+i{x)^- 

Similarly, A' = T^yj^^i o tt"*- o tt^^j.^^^ is self-adjoint, so there is an orthonormal basis 
Cd+i, . • • , e„ of Tk+i{x)^ such that A'{ei) = Xiei for d + 1 < I < n. Then the matrix of 
A + A' in the basis ei, . . . , e„ is diagonal, with entries A^. 

Observe that Rk{x) sends Tq{x) to Tk{x), by the induction assumption (9.32), and 
sends Tq{x)-^ to Tk{x)-^^ because it is an isometry. Hence Rk{x) o tTj^^q — tt o Rk{x) (recall 
that TT is the orthogonal projection on Tf~{x)) and similarly Rk{x) o tt^q = tt-*- o i?fe(a;). 
Then 

Sk{x) = %,fc+l O Rk{x) O TT^^o + TT^^k+l ° Rk{x) O TT^g 

(9.59) = TTy^k+i o7roRk{x) + iTy^k+i ° '^'^ ° Rk{x) 

= i'^y,k+l O TT + TTy^k+l ° TT^) O Rk{x) 
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by (9.36). Next 

Sk{x)Sk{xy = (TTy^k+l O TT + TT^fc+i O TT"^) O Rk{x) O Rk{x)* O (tT O TT^^fc+l + TT"^ O TT^fc+i) 
= (%,fe+l O + TT^fe+i O TT^) O (tT O 7ly,k+l + TT^ O TT^fc+i) 

(9.60) = TTy,k+l O TT O 7rj/,fe+l + TT^fe+l O O TT^^k+l = A + A' 

SO the matrix of Sk{x)Sk{x)* in the basis ei, . . . , Cn is diagonal with entries Ai, . . . , A^. 
Thus Rk+i{x) = H{Sk{x)) = DSk{x), where D is diagonal with entries A^ .In partic- 
ular, D preserves the spaces Tk+i{x) and Tk+i{x)-^, and 

(9.61) Rk+i{x){To{x)) = D[Sk{x){To{x)] C D[Tk+iix)] C n+i{x) 

by (9.37). The inclusion is an identity because Rk+i is an isometry, and this proves (9.32); 
Proposition 9.29 follows. □ 

Remark 9.62. It would not be too difficult to prove that with our easy-to-get additional 
regularity assumption (2.6) on Sq, the surfaces are of class C"^", with bounds like 

(9.63) p^^l < C^M^2- + C^er^-^ 

in the small Lipschitz representation of Lemma 6.12, or similar estimates for the Aj^f^ and 
Fj^k of Proposition 5.4. 

With more work, we could try to improve the estimates on the the restriction of 
Dak{y) to TTik{y), get better estimates on DyRk+i in Proposition 9.29, or improve (9.63), 
for instance when the square summability condition (8.35) holds. We do not do these 
computations. 

10. The definition of g on the whole R" 

We continue with the notations and assumptions of the previous sections. We shall 
soon be ready to define the mapping g promised in the various statements of Sections 1 
and 2. We still need a nearest point projection on Eq, defined in a tubular neighborhood 
of Eq. If Eq is a plane, the mapping defined in the next lemma is simply the orthogonal 
projection onto Eq. 

Lemma 10.1. Set V — [z E M"^ ; dist(2;, Eq) < 40} . For each z E V, there is a unique 
point p{z) e Eq such that \p{z) — z\ < 50 and p{z) — z is orthogonal to TT,q{p{z)). In 
addition, the mapping p : y — > Eq is of class , and 

(10.2) \p{z')-p{z)\<{l + Ce)\z' - z\ for z,z' eV suchthat\z' - z\<l. 
Similarly, if we set q{z) = z — p{z) for z &V, 

(10.3) \q{z') - q{z)\ < (1 + Ce)\z' - z\ for z,z' eV such that \z' -z\<\. 

We shall first define p locally. Let a; e Eq be given, and let Pa; and Fy; be as in the 
local Lipschitz description of Eq near (2.4) and (2.5). Denote by F the graph of Fy^ over 
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Px and, for x' e F, denote by T{x') the vector space parallel to the tangent plane to T at 
x'. Denote by 7Tt{x') the orthogonal projection onto T(x'), and set TTj^{x') = I — ttt{x')- 
Set H = PxX {P^ n S(0, 100)) and define a function ^ :H ^Why 

(10.4) ^{u,v) = u + Fa;{u) + 7r^{u + Fx{u))-v 

for {u, v) e H. Recall from (2.4) that T{u + Fx{u)) makes a small angle with P^, so 

(10.5) \n^{u + Fxiu)) -TT^l <2e, 

where ir^jr still denotes the orthogonal projection onto P^. In addition, the fact that 
\D'^Fx\ < £ on Pa; (by (2.4)) implies that 

(10.6) \Du7r^iu + Fxiu))\<Ce, 

where we denote by Du the difi'erential with respect to u E Px- Indeed, we could compute 
TTy (u + Fx{u)) from DFx{u) by a painful but explicit Gram-Schmidt orthogonalization 
process. 

The mapping $ is of class (more if we assume (2.6)), and its differential is given 

by 

(10.7) Du^{u,v) = Iu+DFx{u)+Du7rT{u+Fx{u))-v and Dy^u.v) = 7:^{u+Fx{u))oI^ 

(where and /„ simply denote the canonical injections from the planes parallel to Px and 
P^ into M'^). Thus 

(10.8) \D^u,v)-I\<Ce, 

by (2.4), (10.5), and (10.6). Because of the simple shape of the domain of definition of $, we 
deduce from (10.8) and the fundamental theorem of calculus that $ is a diffeomorphism 
from H to ^{H). Since 

(10.9) \^{u,v)-{u + v)\<Ce 

by (2.4) and (10.5), ^{H) contains Px + {P^nB{0,99)) = G ; n^{z) E S(0,99)}. 

We now return to the lemma itself. Let z G B{x,45) be given. Then we can find 
{u,v) G H such that z = ^{u,v). Set p{z) = u + Fx{u). By (10.9), \u - 7Vx{z)\ = 
\7rx{u + V — z)\ = |7ra;('U + V — ^{u,v))\ < Ce and similarly \v — 7r^{z)\ < Ce. Thus 
u G B{x,46), p{z) = u + Fx{u) G B{x,47), and hence p{z) G Sq by (2.5). Also, 



(10.10) 



\z — p{z)\ < \z — u\ + \Fx{u)\ < \z — u\ + e < \z — 7Tx{z)\ + Ce 

= \^x{^)\ +Ce= \7r^{z - x)\ +Ce <\z-x\+Ce <46 



by (2.4) and because 7r^(a;) = 0. Finally, z—p{z) = ^{u,v) —p{z) = ^{u,v) — u — Fx{u) 
'Kji{u + Fx{u)) ■ V = TTiji {p{z)) ■ V is orthogonal to TY\o{p{z)), as required for the lemma. 
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Next we check the uniqueness. Let $, e T,q f] B{z, 50) be such that z — ^ e TSo(^)"'". 
By (2.5) and because z G B{x,45), ^ G F, so ^ = m + Fx{u) for some u G Px- Also, 
z — ^ = 7Tj^{^) ■ V for some v G (recall from (10.5) that 7rj?(0 • ^ T'Eo{^)-^ is 
bijective). In addition, \v\ < (1 + Ce)\z - ^\ < (1 + C£)50 so {u,v) G H. But then 
z = ^{u^v) and since $ is injective, (u^v) is the same as in the definition of p{z). Thus 
^ = u + Fx{u) = p{z), as needed for the uniqueness. 

This gives a good definition of p{z) for z G S(a;, 45). There p and q = I — p are 
differentiable, and 

(10.11) Dp{z) = [I + DFxiu)] o Dtt^ o D^-\z), 

with w = 7Tx{^-^{z)). Thus |L'p(-2) - L'tt^I < Ce by (10.8). 

We get the desired function p on F by covering V by balls B{x, 45), x G Eq. There is 
no difficulty with potentially different definitions in overlapping domains, because of the 
uniqueness. Finally, for (10.2) and (10.3), we can choose a; G Eq such that \x — z\ < 40, and 
then compute in B{z, 2) C B{x,A5) and integrate Dp and Dq = I — Dp. This completes 
the proof of Lemma 10.1. □ 

Let us also check that 

(10.12) \q{z)\ = \z - p{z)\ ^ dist{z,J:o) for ^ G 

Let p G Eq be such that l-z — p| = dist(2;, Eq); such a p exists by compactness, and 
p G B{zj 40) by definition of V. The differential of \z — along Eq vanishes aX y = p 
(because \z — p\ is minimal), so 2; — p is orthogonal to TEo(p). By Lemma 10.1, p = p{z) 
and (10.12) holds. 

We are now ready to define g. We set 

(10.13) g{z) =z for ^ G M'^ \ y. 



(10.14) 9{z) = f{z) for^GEo, 
and 

(10.15) g{z) = J2pMz)) {fk{p{z)) + Rk{p{z)) ■ q{z)} ioizeV\ Eq, 

k>0 

where fk is as in Section 4, Rk was constructed in Section 9, and the cut-off functions pk 
are defined below. For a given z, the sum in (10.15) will have at most three terms, by 
(10.18) below. 

Choose h : [0, 1] smooth, nondecreasing, and such that h{t) = 1 for t > 2 and 

h{t) = for t < 1. Then set 

(10.16) po(y) = hi\y\) and pfc(y) = /i(r^'|y|) - Kr^^M > for A; > 1. 
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Notice that 

(10.17) J2pM = i for y e M'^ \ {0}, 

fc>0 

po{y) = when |y| < 1, and, for A; > 1, 

(10.18) pk{y) = unless < \y\ < 20rfc. 

In what foUows, it will be convenient to set systematically 

(10.19) X = p{z) e So and y = q{z) = z- p{z) e TEo{x)^ 
for z eV. With these notations, (10.15) becomes the nicer-looking 

(10.20) g{z)^J2pk{y){fk{x) + Rk{x)-y} for ^ = x + 2/ G F \ Sq. 

fe>0 

Lemma 10.21. The function g is continuous on R", 

(10.22) g{z) = z on {zeV; dist(2, Sq) > 2}, 
and 

(10.23) \g(z) -z\<Cs for z e W. 

We first check (10.22). If ^ G V is such that dist(2, Sq) > 2, then \y\ = \z - p{z)\ > 2, 
and so po{y) = 1 and pk{y) = for /c > 1. Hence g{z) = Jo{x) + Rq{x) ■y = x-\-y = z hy 
(4.1) and (9.31). 

The continuity of g across dV follows from (10.22) and (10.13). Let us now check the 
continuity across Eg. For 2; e F \ Sq (and with x = p{z))^ 

\9{z) - f{x)\ < J2 Pk{y)\fk{x) - fix) +Rk{x)-y\ 

(10.24) 

<E/^^(2/){l/fe(^)-/(^)l + H} 

fc>0 

by (10.20), (10.17), and because Rk{x) is an isometry. In addition, rk < \y\ when pk{y) 7^ 0, 
and then \fk{x) — f{x)\ < Cerk < Ce\y\ by (6.9), so 

(10.25) l^(^) - f{x)\ < (1 + Ce)\y\ = (1 + Ce) dist(z, Sq), 

by (10.12). Then g is continuous across Sq, because / is continuous on Sq. 
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Finally we check (10.23). By (10.13) and (10.22), we may assume that z e V and 
even dist(2;, Sq) < 2. Then 



\g{z) - z\< ^Pk{y)\fk{x) -x + {Rk{x) - l)-y\ 



k>0 



(10.26) 



< ^Pk{y){\fk{x) -x\ + \Rk{x) - I\ \y\} 



k>0 



< Ce+\y\J2Pk{y)\Rk{x) -I\ < Cs + Ce\y\J2kpk{y) 

k>0 k>0 



because z — x + y, and by (10.20), (10.17), (6.9), and (9.33). In addition, when pk{y) 7^ 0, 
(10.18) says that < \y\ < 20rfe, so J2k>o ^Pkiy) < Cln{20/\y\), and (10.23) follows from 

(10.26) . ~ □ 

It will be useful in Section 14 to know that 

(10.27) (l-C£)dist(2,Eo) <dist(^(2),S) < (l + C£)dist(2,So) for 2 e M". 

This is clear when 2; e Sq, because then g{z) = f{z) e S, so we may assume that 
z e \ Sq. The second inequality follows from (10.25). The first one holds trivially when 
dist(^. So) > 1, because S is Ce-close to Eq by (6.9), and \g{z) — z\ < Ce by (10.23). So 
we may assume that z & V and dist(2, Eq) < 1. Let m be the smallest integer such that 
Pm{y) 7^ 0- Thus m > because \y\ — dist(2;, Sq) < 1 (by (10.12)), and so < \y\ < 20rm 
by (10.18). 

Apply Lemma 6.12 to ^ = fm-i{x) and the integer m — 1; there is a plane P through 
^ such that T,m-i coincides in B{^, 190rr„) with a Ce-Lipschitz graph over P. Hence 

(10.28) Angle(P, Tm-iix)) = Angle(P, TS^_i(e)) < Cs 
(recall that Tm-i{x) — T'Lm-iifm-iix)) by (9.30)), and also 

(10.29) dist(t(;, P) < Cevm for w e n B{^, 190r^) 

(because P and the Lipschitz graph go through ^). 

By (10.18), pkiy) = unless k = m,m + 1, or m + 2. For such k, \fk{x) — ^| = 
\fkix) - fm-i{x)\ < Cerm by (6.8), and \Rkix) - Rm-iix)\ < Ce by (9.33). Thus (10.20) 
yields 

\9{z) - C - Rm-i{x) ■ y\ = \ ^Pk{y){fk{x) - ^ + [Rk{x) - Rm-i{x)] -y} 

(10.30) fe>o 

< Cerm + Ce\y\ < C'e\y\ 

because J^kPkiv) = 1 < \y\. Set w = ^ + Rm-i{x) ■ y; thus \g{z) — w\ < Ce\y\. 

Note that — ^| = \y\ < 20rm, so 

(10.31) dist(t(;, E^-i) = dist(t(;, S^_i n B{^, 50rm)) > dist(i(;, P) - Cerm 
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because ^ e '^m-i and \w — ^\ < 20r^, and by (10.29). Now w — ^ = Rm-i{x) • y is 
orthogonal to T^_i(x), by (9.32), because i?^_i(x) is an isometry, and because y = q{z) 
is orthogonal to Tq{x) = TSo(a;). By (10.28), w — ^ is also nearly orthogonal to P, and so 

(10.32) dist(t(;,P) > (l-Ce)\w-^\ = (1-C£)|y|. 

Thus 



(10.33) 



dist(^(2;), E) > dist(5r(2;), E^_i) - Cer^ > dist(«;, E^_i) - Ce{rm + \y\) 

> dist(t(;, P) - Ce{rm + \y\) > (1 - Cs) \y\ = (1 - Cs) dist(^, Eq) 



because E is very close to E^_i (by (6.9)), by (10.30), (10.31), and (10.32), because 
''^m < \y\j and by (10.12). This is the remaining inequality in (10.27). 

Remark 10.34. We decided to use the coordinates p{z) G Eq and q{z) = z — p{z) to 
define g from the restriction of the to Eq; another option would have been to construct 
g, as we did for /, as a limit of compositions gk, where go = I and 

(10.35) gk+i = Skogk for k>0. 

This is the scheme that was followed in [DDT], for instance. We want Sfc to coincide with 
CTfc on Efc, so as to obtain g^ = fk and ^ = / on Eq, and the simplest seems to use the 
Lipschitz graph description of E^ that we get from Proposition 5.4. That is, if we were 
just to define Sk{z) near some Bj^k, j & Jk, ^ first attempt would be to use 

(10.36) Xj,ki^) = '^j,k{^) + AjM'^jM^)) ^ ^k 

(a vertical projection of 2; on E^, constructed with the Lipschitz function Aj^k of Proposi- 
tion 5.4) and take Sk{z) — ak{Xj^k{z)) + z — Xj^k{z). 

This would not be very efficient, because for the bi-Lipschitz results we want to be 
as close as possible to an isometry (we want to compose lots of diff'erent Ufc), in particular 
in the regions where the Pj^^ vary very slowly. With the formula above, if the Pj^k turn of 
about a near -Bj,fc, we can expect Sk to be Ca-close to an isometry, and we would prefer 
Ca^, so that we can sum the distortions as in Proposition 8.34. For this, a better attempt 
would be to try 

(10.37) rjj,ki^) = akiX^,kiz)) + (I - Rj,kiX^,k{^))) ■ (z - X,- ,(^)), 

where the role of the small perturbation Rj^h is to correct some linear terms in the expansion 
of the derivative Drik{z), to make it closer to an isometry. We cannot arrange this precisely 
everywhere, so we focus on E^, because this is the place where we may need to iterate 
many mappings (far from E^, we shall take Sk{z) = z). This is why we like to evaluate 
things on Efc, and hope that the estimates will not deteriorate too fast when we leave E^. 
Computations (that would need to be checked) seem to lead to the choice of 

(10.38) Rj,kix) = DTT^^k o ,(7r,- fe(x)) o Dtt,^, - Dakix)* o Dirf^^ 
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for a; e S/e n 20Bj k, and where DA*^ and Dak{x)* denote adjoints of linear mappings. 
Now we suggest to take 

(10.39) Sk{z) = iJkiz) ^ + X] (^J,ki^) Vj,k{z) = 2 + ^ ^J,k{^)[Vj,k{^) ^ ^] 

for 2; e IR" and a little like in (4.2). Note that Sk{z) — (Tk{z) for 2; e S/;, because then 
^j,k{z) = z^ so we will get that ^ = / on Eq. Now one should estimate the Dsk on as 
we estimated the Da^, on S/., and mimic the proof of Section 8; this involves slightly ugly 
computations and in particular we need better estimates on the second derivatives D^a^ 
and D'^Aj^ki but at the end we seem to get a bi-Lipschitz mapping g when (8.35) holds. 

Altogether using (10.39) seems to require more computations (even if we save the 
construction of isometry fields), but we mention it because it could be useful in some 
contexts (suppose we want to cut g into small bi-Lipschitz pieces). 

11. Holder and Lipschitz properties of g on 

In this section we complete the proof of Theorems 2.15 and 2.23, and in particular 
establish the desired bi-H61der and bi-Lipschitz estimates for g. 

Proposition 11.1. There is a constant C > such that, with the notation of the previous 
sections and if s is small enough, 



^\z'-z\^+^' < \g{z')-g{z)\ < 3\z' - z\^-^' 
for z, z' e W such that \z' -z\<l. 



("■2) 4 



We shall make no attempt here to check that the constants ^ and 3 in (11.2) could 
be replaced 1 ± Ce, even though we would be ready to claim that this is possible (but by 
being more meticulous about orthogonality in the decompositions). 

Since by (10.13) and (10.22) g{z) = z out oi {z e V ; dist(^, Eq) > 2}, it is enough to 
prove (11.2) when z and z' lie in {z eV; dist(^,Eo) < 3}. Set 

(11.3) X = p{z),y — q{z),x' — p{x'), a,nd y' = q{z') 

as above. We may as well assume that z' ^ z, that \y'\ < \y\ (by symmetry), and that 
y,y' (we can always let z and z' tend to Eq once we have (11-2) away from Eq). 
Let us first settle the case when \ f{x') — f{x) \ > 10\y\. In this case 

(11.4) \g{z) - f{x)\ + \g{z') - f{x')\ < (1 + Ce){\y\ + \y'\) < ^^^^^ \f{x') - f{x)\ 

by (10.25). The second inequality in (11.2) holds because 

\g{z') - g{z)\ < |/(x') - f{x)\ + \g{z) - f{x)\ + \g{z') - f{x')\ 



(11.5) < ^ 1/(^0 - ^ 15 (1 + - ^ 

13 

To 



1-Ce 



< 1^ (1 + cef\z' - z\'-^' < 2\z' - z\^-^' 
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by (8.2) and because p is locally (1 + C£)-Lipscliitz (by Lemma 10.1). Similarly 

W)-9(')\ > \H'A - /Wl - \9(z) - /Ml - W) - /(x')| 

(11.6) ^ 8_Ce 1^^^,^ _ ^^^^1 ^^ji^, _ ^ ^ _ 

by (8.2), and at the same time 

(11.7) W) - g{z)\ > \f{x') - f{x)\ > (8 - Ce)\y\ >7\y\>L\y- y'\ 

because \y'\ < \y\. Also observe that \z' — z\ < \x' — x\-\-\y — y'\ brutally because 2; = a; + j/ 
and z' = x' -\- y' , so 

(11-8) \z'-z\ < ^ \9{z')-9{z)\ + {ff^'^'''\9{z')-9{zr^'+^^^ 

by (11.7) and (11.6). The first half of (11.2) is trivial if \g{z') - g{z)\ > 1 (because 
\z' - z\< 1); otherwise \9{z') - g{z)\ < \9{z') - 5r(^)|^/(^+^^) and (11.8) says that 

(11.9) |.'_.|<[2 + (wy/<'+-)]|^(,,)_^(,)iw.c.,_ 

which implies the first half of (11.2). 

So we may assume that \ f{x') — f{x) \ < I0\y\. Let m > denote the smallest integer 
such that Pm{y) 7^ O.If m > 0, (10.18) says that r^, < \y\ < 20rm; otherwise \y\ > 1 
(because po{y) — when \y\ < 1), and < \y\ < 20rm as well. Since \fm{x) — f{x)\ + 
\fm{x') - f{x')\ < Csrm by (6.9), we also get that 

(11.10) \fmix') - fm{x)\ < U\y\ < 220rm 

We want to estimate 9{z) - 9{z') = Ai + A2 + A3 + A4, where by (10.20) 

(11-11) /^^ = Y,pk{y)[fk{x)-h{x% 

k>0 



(11.12) A2 = Y,Pk{y)Rk{x)-{y-y'), 

k>0 

(11.13) ^3 = 5^ Pk{y)[Rk{x) - Rk{x')] ■ y', 

k>0 

and 

(11.14) A4 = Y.^Pk{y) - Pk{y')]{fk{x') + Rk{x') ■ y'}. 

k>0 
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Let us replace some sums with single terms. First check that 

(11.15) |Ai - [fm{x) - fm{x')]\ < Ce\U{x) - fm{x')\. 

By (10.18), the only integers k such that Pk{y) 7^ can only be m, m + 1, and m + 2. 
Since X]fc>o Pkiu) = 1, we just need to check that 

(11.16) \[fk{x) - fk{x')] - [fm{x) - fm{x')]\ < Ce\fm{x) - fm{x')\. 

for these /c's. Set ^ = fm{x) € and ^' = fm{x')', then (7.4), applied to ^ and says 
that 

(11.17) Wmio - ^m(e') - e + e'l < ce\^ - e'l, 

which is (11.16) for m + 1. Applying again (7.4) to (J^(0 ^m(C') £ '^m+ii yields 



(11.18) 



|0-m+l(0-m(6) - 0-m+l(0-m(^')) " C^m(0 + (^m{C')\ < Ce\am{0 " CTmiC') 

<2Ce\^-^'\, 



where the second inequality comes from (11.17). We add (11.17) and (11.18) and get that 

(11.19) Wm+lMO) - (Tm+lMO) - ^ + ^'1 < 3C£|e - e'l, 

which is (11.16) for m + 2. So (11.16) and (11.15) hold. Similarly, 

(11.20) IA2 - Rmix) ■iy-y')\^ [J^PMiRkix) - Rmix)] ■ (y - y')\ < Ce\y - y'\ 

k 

because ^/j>o Pkiv) — 1 and \Rk — Rm\ < Ce for /c = m + 1 or m + 2, by (9.33). Next, 

(11.21) IA3I < \y'\J2pk{y)\Rk{x) - Rk{x')\. 

k 

We need to estimate \Rk{x) — Rk{x')\, but first let us check that for m < /c < m + 2 there 
is a path 7 in S^, that goes from fk{x) to fk{x'), and such that 

(11.22) length(7) < 2\fkix) - fkix')\. 

Indeed, \fk{x) - fk{x')\ < |/^(x) - U{x')\ + Cer^ < 221r^ by (6.8) and (11.10), and 
we know from Lemma 6.12 that coincides with a small Lipschitz graph in every ball 
of radius 19rfc centered on E^. If \fkix) — fkix')\ < ISr^, we get 7 immediately from 
Lemma 6.12; otherwise, we will first need to connect fk{x) to fk{x') by a small chain of 
points. This will be easy, but let us do the argument anyway. 
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First suppose that m > 2. Lemma 6.12 gives a good Lipschitz control of S^_2 
in i?(/^_2(x), 19r^_2), which we can use to connect fm-2{x) to fm-2{x') by a path 
7' C Sto_2 of length L, with 

ril 23) ^ ^ (1 + Cs)\fm-2{X) - fm-2{x')\ < (1 + Cs){\fk{x) - Mx')\ + CeTm-2) 

(by (6.8) and because \fk{x) — fk{x')\ < 221rm)- We choose less than 10^ points zi in 7', 
with consecutive distances less than 17rk, so that the first one is fm,-2{x) and the last one 
is fm-2{x'). Each zi is of the form fm-2{xi) for some G Sq, so z'^ = fk{xi) lies in 
and \z'i — zi\ < Cevk by (6.8). Now the z'l are a string of points of Sfe, whose consecutive 
distances are less than 18rfe, and the total length of the string is 

(11 24) ^'^^ l^'+i " - ^ tC'e^'^ + 1^'+^ " ^'1] - ^^'^^'■'^ + 5^ 1^'+^ " 
< lO^Cen + L< \fkix) - fkix')\ + Cerk 

by (11.23). We now get the desired curve 7 by applying Lemma 6.12 to find a curve in 
of length (1 + Ce)\z'i_^^ ~ that goes from z[ to z[_^-^^ and then putting all these curves 
together. Notice that then 

(11.25) length(7) < (1 + Ce)L' < (1 + Ce)\h{x) - h{x')\ + Ceru < 2\fk{x) - fk{x')\ 

because \fk{x) - fk{x')\ > ISrk- 

We are left with the case when m < 2. But in this case, we can use Eq, x, and x' 

instead ofE^_2, fm-2{x), dind fm-2{x') above, because |a:' — a;| < {1 + Ce)\z' — z\ < 1 + Ce 
by assumption, and so we have more than enough control on Eq fl i?(x, 2) to find 7' C Eq). 
Let us now use the curve 7 to estimate the right-hand side of (11.21). Note that 

(11 26) '^'^''^ " " l^'^^^^-^-'')) Rkifkix'))\ < Cer-hcngth(7) 

<Cer^'\fk{x)-fk{x')\<Cer^'\fm{x)-fm{x')\ 

by (9.34), (9.35), (11.22), and (11.16), so (11.21) yields 

IA3I < \y'\J2pk{y)\Rk{^)-Rk{x')\ 

(11.27) k 

< Cer^'lUix) - fmix')\ \y'\ < Ce|/^(x) - fmix')\ 

because \y'\ < \y\ < 20r^ by definition of m. Finally, 

l^4| = I Y.iPk(y) - Pk{y')]{fk{^') + Rk{x') ■ y'] 



(11.28) 



= I Y.^Pk{y) - Pk{y')]{fk{^') - fm{x') + [Rk{x') - Rm{x')] ■ y'] 

k>0 

m+2 

<CY,r-'\y- y'\ [\hix') - f^ix')\ + \y'\ \Rkix') - RM 

k=m 

< Ce\y - y'\ + Cer-^ly - y'\ \y'\ < Ce\y - y'\ 
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because ^k>Q[pk{y) — Pk{y')] = 0, and by (6.8) and (9.33). Altogether, 

(11.29) |^(^)-^(^')-[/m(a;)-/m(a;')]-^m(a;)-(y-y')l <C£|/m(a:)-/m(a;')l+C£|y-y'| 
by (11.15), (11.20), (11.27), and (11.28). A first consequence of this is that 

(11.30) \g{z) - g{z')\ < (1 + Ce){\fm{x) - fm{x')\ + \y - y'\} 

Next, the proof of (8.2) also yields that \fm{x) - fmix')\ < (1 + Ce)\x - x'\^-^^, by 
Remark 8.31, so 

(11.31) l^(^) - g{z')\ < (1 + Ce){\x - "^^ + \y - y'\}. 

Recall from Lemma 10.1 that \x — x'\ < (1 + Ce)\z — z'\ and \y — y'\ < (1 + Ce)\z — z'\ 

(see (11.3) too). Set v{t) = {\x-x'\+ for < t < (1 + Ce)\z - z'\. Then v'{t) = 

{l-Ce){\x-x'\+t}~^'' > (1-Ce) 3-^= > {1-C's) because \x-x'\+t< 3\z-z'\ < 3, 
so 

{\x - x'\ + \y- y'ly-''' = v{\y -y'\)> v{0) + (1 - C's)\y - y'\ 
(11-32) =\x- x'\^-^'' + (1 - C'e)\y - y'\ 

>{l-C'e){\x-x'\'-''' + \y-y'\} 

and hence, by (11.31), 

(11.33) l^(^) - g(z')\ < (1 + Ce){\x - x'\ + \y- y'lY'^' < 3\z - zf-^^ 

because \x — x'\ + \y — y'\ < 2(1 + Ce)\z — z'\ by Lemma 10.1. This gives the second 
inequality in (11.2). 

We now look for lower bounds. Let us first project (11.29) on the tangent direction 
Tm{x) to Tim at fm{x). Call TT the orthogonal projection onto Tm{x) (it was also called 
^f-m{x),m before), and similarly set tt' = T^f^{x'),m- Observe that 

(11.34) ItT - Tt'I = |7r/^(a;),m - 7r/^(x'),ml < Csr;;^\fm{x) - fm{x')\ 

by (9.28). Since y is orthogonal to Tq{x)^ (9.32) says that Rm{x) -y is orthogonal to Tm{x), 
and similarly Rm{x') ■ y' is orthogonal to Tm{x'). Now 

l-KiRmix) ■ {y - y'))\ = \7T{Rm{x) ■y')\< \Tv'iRmix) ■ y')\ + K - 7r'\\Rm{x) ■ y'\ 

= \7T'{[Rm{x) - Rmi^')] ■y')\ + \7T- n'\\y'\ 

(11.35) < [\Rm{x) - Rm{x')\ + Itt - tt'I] \y'\ 

< Csr-'\fmix) - fmix')\ \y'\ + k - tt'I \y'\ 

< Cer-'\fm{x) - fm{x')\ \y'\ < Ce\fm{x) - U{x')\ 
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because Rm{x) is an isometry and then 7T'{Rm{x') ■ y') — by orthogonality, by the first 
inequahties of (11.26) for k = m, (11.34), and the fact that \y'\ < \y\ < 20r^. 

Next we care about /t(/^(x) — fm{x')). RecaU from (11.10) that \ fm{x) — fm{x')\ < 
220rm- If \fm{x) — fm{x')\ > ISr^,, choose /c = m — lor/c = m — 2, as large as possible, 
so that \fm{x) — fm{x')\ < ISr^; otherwise, choose k = m. Note that k > 0, because 
\x' — x\ < {1 + £)\z' — z\ < 1 + £ and hence \fm{x) — fmix') \ < 2. 

Apply Lemma 6.12 to the integer k chosen above and the point ^ = fk{x). We get 
that Efc coincides with a Ce-Lipschitz graph F over some plane P through ^. Note that 

(11.36) Angle(P', Tk{x)) = Angle(P', TEk{fk{x))) < Ce, 

where we denote by P' the vector space parallel to P, and we remind the reader that 
Tfc(x) = TEfc(/fc(a;))by (9.30). 

If A; = m, we immediately get that 

(11.37) Angle(/„(x) - fm{x'), P') < Ce 

(or fm{x) = fmix'), but then (11.39) below is trivial), because both fm{x) and fm{x') lie 
on r. If /c < m, we only get that Angle(/fc(x)—/fc (x'), P') < Ce (because /fc(a;), /fc(x') G F), 
but since \fm{x) - fk{x)\ + |/m(x') - fkix')\ < Cevk by (6.8) and \fm{x) - fm{x')\ > ISr^ 
because k < m, we also get (11.37). Now 

ril 38) Angle(/^(x) - fm{x'),Tm{x)) < Ce + Angle(P', T^(a:)) 

<C'e + Angle(P', Tk{x)) < C"e 

by (11.37), (9.3) and the definition (9.30), and (11.36). Hence 

(11-39) Wm{x) - fm{x'))\ > ^\fm{x) - fm{x')\. 

Altogether, 

\g{z)-g{z')\>\'K{g{z)-g{z'))\ 

> Wmix) - fm{x') + Rm{x) ■ {y - y'))\ - C£\fm{x) - fm{x')\ - Ce\y - y'\ 
(11.40) > Wraix) - fm{x'))\ - Cs\fm{x) - fm{x')\ - Cs\y - y'\ 

9 - Ce 

> \fm{x) - fm{x')\ - Ce\y-y'\ 

by (11.29), (11.35), and (11.39). If \y - y'\ < 2|/^(x) - fm{x% we get that 



(11.41) 



l^(^) - 9{z)\ > ^ \fm{x) - fm{x')\ > ^ (1/^(0;) - fm{x')\ + \y - y'\} 
>^{{l-Ce)\x-xf+^'^ + \y-y'\} 



by (8.2). On the other hand, recall that |a; — a;'| < {1 + Ce)\z' — z\ < 1 + Ce by Lemma 10.1 
and (11.3), and similarly \y-y'\ < 1 + Ce. Set v{t) = {\x-x'\+ty+'^^ for < t < 1 + Ce; 
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then v'{t) = (1 + Ce){\x — x'\ + t)'-^^ < 1 + C's, so the fundamental theorem of calculus 
yields 



(11.42) 



+ {l + C'e)\y-y'\<4\g{z)-g{z')\, 



= \x-x'\^+^' 



by (11.41). So the first part of (11-2) holds in this case. 

We may finally assume that \y — y'\ > 2\fm{x) — fm{x')\. Then (11.29) implies that 



9iz) - g{z')\ > \Rra{x) -{y-y')]- \fm{x) - fmix')\ - Ce\Uix) ~ U{x')\ - Ce\y - y'\ 

1 
2 



(11.43) >\y-y'\- \fm{x) - fm{x')\ - Ce\y - y'| > - Ce) \y - y' 



because Rm{x) is an isometry, and also 
(11.44) 



9{z) - g{z')\ >\y- y'\ - \fm{x) - fm{x')\ - Ce\y - y'\ 

> (1 - Ce)\U{x) - fm{x')\ > (1 - C's)\x - 



by the beginning of (11.43) and (8.2). To end the estimate, we multiply (11.43) by 9/15, 
multiply (11.44) by 6/15, add the two, and get an estimate better than (11.41), which as we 
already know implies the first part of (11.2). This completes our proof of Proposition 11.1. 

□ 

The bi-Lipschitz version of Proposition 11.1 will be easier. 

Proposition 11.45. Suppose that (8.35) holds for some M < +oo. Then g:W is 
bi-Lipschitz. 

Recall that the 4(/fc(2)) are as in (7.18), and e',^{fk{z)) = when fk{z) G M'^ \ V,}^. 
The condition is the same as in Proposition 8.34, so we know that / : Eq — > S is bi- 
Lipschitz. The estimates used for Proposition 11.1 are still valid now; we just need to 
conclude differently. 

As before, we may assume that < \y'\ < \y\, and we start with the case when 
\f{x') — f{x)\ > 10\y\. Then the second line of (11.5) yields 

13 

(11.46) \g{z') - g{z)\ < - \f{x') - f{x)\ < C\x' - x\ < 2C\z' - z\ 
by Lemma 10.1. Similarly, the beginning of (11.6) yields 

(11.47) \g{z') - giz)\ > \fix') - /(x)| > C'^W - x\ 
(again by Proposition 8.34), and at the same time 

(11.48) \g{z') - g{z)\ > \f{x') - f{x)\ > (8 - Ce) \y\ > \y' - y\ 
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because \f{x') — f{x)\ > 10\y\ and \y'\ < \y\. Then \g{z') — g{z)\ > C~'^\z' — z\ because 
obviously \z' — z\ < \x' — x\ + \y' — y\. 

When instead \f{x') — f{x)\ < 10\y\, (11.30) immediately yields 



(11.49) 



\9{z) - 9{z')\ < (1 + Ce){\U{x) - U{x')\ + \y - y'\} 
< C{|a;-a;'| + \y-y'\} < 3C| 



\z — z 



by Lemma 10.1. We are left with the lower bound for this second case. If \y — y'\ < 
2\fm{x) - fm{x')\, the first line of (11.41) yields 

\9iz) - 9iz')\ > ^ ilfmix) - fUx')\ + \y- y'\} 



>C-^ {\x-x'\ + \y-y'\}>C-^ 



z — Z \ 



as needed. Finally, if \y — y'\ > 2\fjn{x) — fmix')\, (11.43) implies that \9{z) — 9{z')\ > 
^\y — y'\ and then also, as in the first part of (11.44), 



(11.51) \g{z) - g{z')\ > ^ \U{x) - f^{x')\ > 



X — X 



so we may conclude as in the previous case. □ 

Proof of Theorems 2.15 and 2.23. Let us just observe here that we completed the 
proof of these two theorems. For Theorem 2.15, the hypotheses are the same as throughout 
Sections 3-11; (2.16) follows from (10.13) and (10.22), (2.17) follows from (10.23), (2.18) 
is the same as (11.2), and E contains E^o by (6.2). For Theorem 2.23, we added the 
assumption (2.24), which is the same as (8.35), and required that g be bi-Lipschz; this is 
proved in Proposition 11.45. □ 



12. Variants of the Reifenberg theorem 

In this section we want to state and prove a few variants of Reifenberg's topological 
disk theorem. We tried to arrange things so that the statements will be easy to read 
independently from the previous sections; of course the proofs will not. 

For all the statements, we are given a smooth d-dimensional manifold Sq C M"', and 
we assume (exactly as in Section 2) that 

for every a; e Sq, there is an affine d-plane through x and 
a function F^: P^, such that (2.4) and (2.5) hold. 

As usual, P^ is the vector space of dimension n — d which is perpendicular to Px- Recall 
that (2.4) and (2.5) say that in i?(x, 200), Eq coincides with an e-Lipschitz graph, with 
a similar estimate on the graphed function and its second derivative. Thus (12.1) is a 
quantitative way to require that Sq be quite flat at the unit scale. The constant e > will 
need to be small enough, depending on n and d. 
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The most standard example of set Sq is undoubtedly a d-plane, but it does not cost 
us much to allow more complicated manifolds Eq. Note however that all the complication 
occurs at large scales, and that our construction is local, so the apparent generality is not 
too shocking. 

Next, we are given a set £^ C that we want to study, and on which we shall make 
various flatness assumptions. Finally, we shall use a set U C R" to localize the statements. 
A typical choice of U would be a large ball. We shall not put specific conditions on U, but 
since the conclusions will occur on U and the hypotheses will be made on 

(12.2) C/+ = {a; e R"; dist(a;,C/) < 2}, 

it is not in our interest to take a complicated U. Our first statement is a generalization of 
Theorem 1.1. 

Theorem 12.3. Let e > be small enough, depending on n and d. Let E, U, Eq G M"" be 
given, and assume that (12.1) holds. Also assume that (12.1) holds. Also assume that 

(12.4) dist{x,Eo) <e for X e EnU+ and dist (a;, £;)< 1/2 for a; e Sq n 

and that for x & E n and r e (0, 1], there is an affine d-plane P — P{x, r) through x 
such that 

(12 5) dist(y, P) < er for y e E r\ B{x, llOr) 

and dist(|/, E) < er for y e P H B{x, llOr). 

Then there is a hijective mapping ^ : R" ^ R"^ such that 

(12.6) g{x) — X when dist(a;, U) > 13 



(12.7) \g{x) -x\<Ce for x e R", 

(12.8) ^\x' -x\^+^' < \g{x')-g{x)\ <3\x' -x\^-^' 
for X, x' e R" such that \x' — a;| < 1, and 

(12.9) Enc/ = ^(So)nc/. 

The constant C depends only on n and d. 

Let us make a few comments before we prove this theorem. We decided not to require 
E to be closed, but replacing E with its closure essentially does not change the hypotheses 
or the conclusion. 

When U = R"', (12.9) just says that E = ^(Eq), so we have a good parameterization 
of £■ by Eo, which extends to a bi-H61der homeomorphism of R"^. 
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For the proof we do not really need Sq to be a manifold everywhere, because we only 
need to know (2.4) and (2.5) at points a: G Eq such that dist(x, E) < 1. 

The constants ^ and 3 in (12.8) are not optimal, and can probably be replaced with 
constants that are arbitrarily close to 1 (even with the function g constructed above). See 
the remark below Proposition 11.1 for a hint on how to start a proof. Our constants 100 
and 110 look annoying, but we could easily make them smaller by appling a dilation to E, 
So, and U. 

We now prove Theorem 12.3. We want to construct a CCBP (see Definition 2.11). 
We already have the set So, with (2.4) and (2.5). Next we choose the Xj^k- Set 

(12.10) Eo = {x EE; dist(a;, ^7) < l} 

and, for k > 0, let {xj^k}, J £ , be a maximal subset of Eq with the constraint that 
\xi,k ~ ^j,k\ ^ ^fc- [Recall that = lO"'^.] By maximality, 

(12.11) EoC U B{xj,k,rk) 

for each A; > 0, and in particular (2.3) holds. Also, (2.7) follows from (12.4). 

For j e Jk, we choose a d-plane Pj^k such that (12.5) holds with P — Pj,k, x = Xj^k, 
and r = rk, such a plane exists precisely by assumption. Now we need to check (2.8)-(2.10). 
We shall use the following lemma, whose standard elementary proof is left to the reader. 

Lemma 12.12. Let Pi and P2 be afRne d-planes. Let z E Pi and r > 0, and suppose 
that for some r < 1, 

(12.13) dist(y, P2) < rr for y ePiH B{z, r). 
Then 4,2oor(Pi,P2) < Cr. 

As usual, C may depend on n and d, but not on r r or z. See (1.7) for the definition 
of dz,ioor{Pi, P2) and the proof of (7.25) for a hint on how to start. 

First we prove (2.8). Let i,j G Jk be such that \xi^k — Xj,k\ < lOOr^, and let us 
try to apply Lemma 12.12. By (12.5), we can find z G Pj^k such that \z — Xj^k\ ^ ^i^k- 
Then, for each y G Pj^k ^ B{z, rk), (12.5) gives y' E E such that \y' — y\ < erk and, since 
y' G llOBi k because \xi^k —Xj^k\ < lOOr^, a new application of (12.5) gives y" G Pi^k such 
that \y" — y'\ < erk- Thus Lemma 12.12 applies with r = rk and r = 2e; we get that 

(12.14) d:,^ ^,l00r,{P^,k,Pj,k) < '2d,,200rdPi,k,Pj,k) < Cs 

because B{xj^k, lOOrjt) C B{z, 200rjt). 

For (2.9), let i E Jq and x G Eq be such that \xix) — x\ < 2. We want to apply 
Lemma 12.12 to control (ixi o,ioo(-Pi,0: -Pa;)- First use (12.5) to choose z E Pi^ such that 
\z - Xifi\ < e. Then, for y E Pi,o n B{z, 2/3), (12.5) gives y' E E such that \y' - y\ < e. 
Note that y' E U'^, because dist (0:^,0 , t^) < 1 (by (12.10)). So (12.4) applies, and gives 
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y" e So such that \y" — y'\ < s. Finally, by (2.4) and (2.5), we can find w & Px such that 
\w — y"\ < £■ Altogether, Lemma 12.12 applies to Pi^, Px, z, and r = 2/3. Thus 

(12.15) dx,^„ioo{Pi,o, Px) < d,,4oo/3{Pr,o, Px) < Ce 

because S(a;i,o,100) C 5(^,400/3). 

Finally we prove (2.10) the same way. Let i E Jk and j G Jk+i be such that \xi^k — 
Xj,k+i\ < '^Tk- Choose z e such that \z - < ^rk- For y e Pj,k+i n B{z,rk), 

(12.5) gives y E E such that \y' — y\ < evk and, since y' e E f] SBi^ki we also get y" G Pi^k 
such that \y" — y'\ < evk- So Lemma 12.12 applies, and 

(12.16) dx^,^,2Qrk{Pi,k^ Pj,k+l) < cJz,200rfc (-Pi.fc) -Pj,fc+l) < Ce, 

as needed. This completes the verification of the CCBP conditions (see Definition 2.11). 
The fact that we only obtained (2.8)-(2.10) with the constant Ce does not matter. 

We may now apply Theorem 2.15 to the CCBP at hand, and we get a mapping g for 
which we now check (12.6)-(12.9). 

Set S' = G So ; dist(x, £"0) < 10} . Let us check that 

(12.17) g{z) = z when dist(^, S') > 2; 

obviously (12.6) will follow, because dist{x,U) < 11 for a; G S' (by (12.10)). 

For x G So \ S', (4.5) says that (Jk{x) — x and Dak{x) = / for /c > 0, so fk{x) — x and 
the successive tangent directions Tk{x) are all equal to To{x). The construction of Rk{x) 
yields Rk{x) = / for all k (notice in particular that if Rk{x) = /, (9.36) yields Sk{x) = /, 
which in turn yields Rk+i{x) = / by (9.45)). 

Now let z G M"" be such that dist(2, S') > 2, and let us check that g{z) = z. If 
z G So, g{z) — f{z) by (10.14), and f{z) — z because 2; G So \ S'. We may thus assume 
that z eV and dist(2;. So) < 2, because otherwise g{z) = 2; by (10.13) or (10.22). Now 
1^(2;) — z\ < 2, by (10.12), so p{z) G So \ S', and by the discussion above fk{p{z)) = p{z) 
and Rkipiz)) = /, so that g{z) = Ek Pk{'l{z)){p{z) + li^)} = by (10.15) and (10.17). 
Thus (12.17) and (12.6) hold. 

Next (12.7) and (12.8) are the same_as (2.17) and (2.18) (or (10.23) and (11.2)), so 
we are left with (12.9) to check. If x e E (lU, (12.11) says that for each A; > 0, we can 
find j G Jk such that \x — Xj^k\ < ^k- Then x G £^00 the limit set defined by (2.19), and 
Theorem 2.15 says that x G S = (/(So). 

Conversely, let w G (/(So) Cl U he given, and set d = dist{w, E). Thus we want to 
show that d — 0. Let 2 G So be such that w — g{z) — f{z). Observe that |2 — w| < Ce 
by (12.7) or (6.9), so d < 1/2 + Ce < 2/3 by (12.4). Suppose that d>0, and let > be 
such that rk+i < d < rk- 

By (6.9), \w — fk{z)\ < Cevk- By definition of d, we can find E E such that 
1^ — w| < 3d/2. Notice that then ^ G Eq, because w E U and d < 2/3. Then ^ G Bj k 
for some j G Jk (by (12.11)), and fk{z) G S^ fl 3Bj^k because \xj^k - fk{z) \ < \xj^k - C\ + 
\^ — w\ + \w — fk{z)\ < rk + 3d/2 + Cevk < 3rfe because d < r^- Thus Proposition 5.4 says 
that disi{fk{z),Pj^k) < Cevk- Choose y G Pj^k such that \y — fk{z)\ < Cerk; obviously 
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y e 4:Bj k, so by (12.5) and our choice of -Pj,fc, we can find y' E E such that \y' — y\ < srk- 
Finally, d < \y' — w\ < \y' — y\ + \y — fk{z) \ + \fk{z) — w\ < Csrk, which contradicts the 
definition of and proves that d — 0. 

This completes our proof of Theorem 12.3. □ 

Next we generalize Theorem 1.10. 

Theorem 12.18. Let e > be small enough, depending on n and d. Let E and So G M"^ 
he given, and assume that (12.1) holds. Also assume that 

(12.19) dist(a;, So) <e forx eE, 

that for X E E and k > 0, we are given an afhne d-plane Pk{x) through x such that, with 
the notation (1.7) for local Hausdorff distances, 

(12.20) da,, lOOvkiPkix), Pkix')) < s for k >0 and x,x' E E such that \x' — a;| < lOOr/e, 



(12.21) d^,r,{Pk{x), Pk+i{x)) <e fork>OandxeE, 
and 

(12.22) c^a;,ioo(-Po(^)) Py) ^ £ for X E E and y e Sq such that \x — y\ < 2, 

where Py is as in the description of So in (12.1), (2.4), and (2.5). Then there is a hijective 

mapping g such that 

(12.23) g{x) = X when dist(a;, E) > 12, 

(12.24) \g{x) -x\<Ce for x e M^, 



1 



(12.25) -\x' - x\^+^' < \g{x') - g{x)\ < 3\x' - x\^-^^ 

for X, x' e IR" such that \x' — x\<\, and 

(12.26) E C ^(So). 

In addition, S = g{T,o) is Reifenberg-Rat, in the sense that for x E T, and r e (0, 1], there 
is an afhne d-plane Q{x, r) through x such that dx,ri^j Qix, r)) < Ce. The constant C in 
(12.24) and (12.25) depends only on n and d. 

Note that if in each ball centered on E there are d-\- 1 "sufficiently" affinely independent 
points of E, then conditions (12.20) and (12.21) are automatically satisfied. But in general, 
something like (12.20)-(12.22) is needed; see Counterexample 12.28. 
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Recall that = 10"'^ for k > 0. Here we did not say that points of £^ fl B{x, r/-) lie 
close to Pk{x), but this is implied by (12.20), because Pk{x') contains x' . Also, we do not 
need to localize this theorem, as we could just have restricted our attention io E r\U . 

Theorem 12.18 is stronger than Theorem 1.10. If is as in Theorem 1.10, take 
So = P(0,10); then (12.1) is obvious, and (12.19) follows from (1.6) for P(0,10), (12.20) 
is the same as (1.9), (12.21) is the same as (1.8) for /c > 1, and (12.22) holds by (1.8) 
for k — 1. The conclusions of Theorem 12.18 are stronger; in particular we can also take 
Q{x, r) = P(0, 10) for r > 1, by (12.24). 

Now we prove Theorem 12.18. As before, we already have Eq, and for each k > 0, 
we choose a maximal collection {xj^k},j £ Jk of points of E, with the constraint that 
\xi,k ~ ^j,k\ > ^fc- Then we set Pjj- = Pk{xj^k) for /c > and j G Jfc; (2.3) comes 
from the maximality of the collection G Jk, (2.8) follows from (12.20), (2.9) 

comes from (12.22), and for (2.10) we observe that if i G Jfc and j G Jk+i are such that 
\xi,k - Xj,k+i\ < 2rk, then 

dxi^k,'20rkiPi,k, Pj,k+l) = dx^ ,^,20rk{Pk{Xi,k),Pk+l{Xj,k+l)) 

< 'idx^ ^^,AOrk{Pk{Xi^k), Pk{Xj,k+l)) + 2dj:^ ,^^40rkiPk{Xj,k+l),Pk+l{Xj,k+l)) 
(12.27) < 5dxi,^,100rk{Pk{Xi,k),Pk{Xj,k+l)) + 3(ia;j fe + i ,50rfe (-P/e (a;j,fc+l)) -Pfc+l (a^j.fc+l)) 

< 5e + Cda;j^^^^,rk{Pk{xj,k+i), Pk+i{xj^k+i)) < Ce 

by the definition (1.7) of d and the triangle inequality, because B(a;j^;fc, 40r/j) C B(a;j^fe+i, 50r/s) 
and, for the last line, (12.20), simple geometry using the fact that we are computing dis- 
tances between d-planes, and (12.21). 

So we have a CCBP (as in Definition 2.11), and Theorem 2.15 gives a mapping g. As 
before, (12.24) and (12.25) are the same as (2.17) and (2.18). Concerning (12.26), observe 
that iov X & E and A; > 0, there is an Xj^k such that \x — Xj^k\ ^ i^k (by maximality of the 
family {xj^k},j € Jk)i so x E E^ (the limit set from (2.19)), and Theorem 2.15 says that 
a; G E = fif(So). 

Next (12.23) is proved as (12.6) above: first one checks that fk{x) — x and Tk{x) = 
Tq{x) for x G So such that dist(a;, E) > 10 (and all k > 0), and then one gets that g{z) = z 
unless z eV, dist(2;. So) < 2, and p{z) G S' = {a; G So ; dist(a;,E) < 10}. See the proof 
of (12.17). Finally S is Reifenberg-flat by Proposition 6.15. Theorem 12.18 follows. □ 

Counterexample 12.28. The coherence conditions (12.20)-(12.22) are really needed in 
the statement of Theorem 12.18. Let us construct a two-dimensional set E (iM.^ such that 
for every x & E and r > 0, there is a plane P{x,r) such that 

(12.29) dist{y, P{x,r)) <er ior y e E f] B{x,r), 

but E is not contained in a any Reifenberg-fiat set S. 

Let Pq be the horizontal plane through the origin, set S = Pq f] dB{0, 1), and let E 
be a Mobius strip of very small width r > whose central curve is S. Choose E so that 
if T{x) denotes the direction of the tangent plane T{x) ai x & E, \DT{x)\ < 10, say. 

Here we take So = Pq', note that 

(12.30) dist(a;, Pq) <t for x e E, 
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so there is no difficulty with the initial condition (2.19). The approximation by planes is 
fine too. For r > e~^T, we simply choose P{x, r) = Pq and use (12.30), while for r < e~^T 
(and if r < c£^) we can choose the tangent plane to E ai x and use the slow variation of 
T{x). 

Now E is not contained in a Reifenberg-flat set S = giPg), simply because it is not 
orientable. The reason why it does not satisfy the assumption of Theorem 12.18 is similar: 
there is no nearly continuous choice of P{x,r), x & E and < r < 1, that coincides with 
the choices above for t small and large. 

The reader may wonder whether things got wrong here because we did not choose 
the right model Sq, but this is not so. We can construct a different counterexample as 
follows. See Figure 1. Start from Pq as above, choose a tiny square Q C Pq of sidelength 
choose two opposite sides of dQ, and let / C Q denote the interval that connects the 
middles of these two sides. Let Hq C Q denote the very thin stripe of width tI centered 
along /, and let H be obtained from Hq by twisting it one half turn around / (and fairly 
regularly). Finally set E = {Pq \Q)[J H. As before, if r < c£^, we can find planes P{x, r) 
such that (12.29) holds, and yet S is not contained in a Reifenberg-flat set because E is 
not orientable. 




Figure 1. The set E 



Next we want to mention sufficient conditions for g above to be bi-Lipschitz. Let us use 
notation that fits both Theorems 12.3 and 12.18. When E and U are as in Theorem 12.3, 
X e Eq = {x E E; dist(a;, U) < 1} (as in (12.10)) and A; > 0, we choose a d-plane Pk{x) so 
that (12.5) holds for P = Pk{x) and r = r^. In the context of Theorem 12.18, set Eq = E; 
we already chose Pk{x) foix^E and A; > in the statement. In both cases, set 

(^12 31^ Oik{x) = da:,rk{Pk+l{x),Pk{x)) + SUp dx,rk{Pk{x), Pkiv)) 

^ ' ' yeEonB{x,35rk) 

for X E Eq and A; > 0, and then 

(12.32) Jix) = 

fe>0 
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(essentially as in (1.19) and (1.20)). 

Corollary 12.33. If, in addition to the hypotheses of Theorem 12.3 or 12.18, we have 
that J{x) < M for x E Eq (and for some choice of planes Pk{x) as above), then g is 
bi-Lipschitz. More precisely, there is a constant K, that depends only on n, d, and M, 
such that 

(12.34) K-^\x-y\ < \g{x) - g{y)\ < K\x - y\ forx,yeW. 

Notice that Theorem 1.21 is a special case of this. Because of Theorem 2.23, Corol- 
lary 12.33 will follow as soon as we check that the sufficient condition (2.24) is satisfied 
when J is bounded on Eq. That is, it will be enough to check that 

(12.35) ^e'„{fk{z)f<CM 

k>l 

for z e So, where the e'^ are defined by (2.21) and (2.22). We dropped k = from (12.35) 
because eQ{z) < 1, so it will not alter the boundedness of the sum. 

So we let 2; G So be given, and set Zk = fk{z) ^or k > 1. Recall from (2.21) and (2.22) 

that 

(12 36) ^'^''^''^ " s^p{dxi,i,wori{Pj,k,Pi,i); j &Jk,l& {k-l,k}, 

ie Ji, and Zk G lOBj^k n 11-8^,;} 

for /c > 1, with the convention that £^(-2fc) = if Zk E \ V^^'^. Recall also that we set 
Pj,k = Pkixj^k) for /c > and j e Jk- 
Choose X E Eq such that 

(12.37) |a;-/(^)| <2dist(/(^),£;o)- 
We claim that 

(12.38) da;^ ^^loorl{Pj,k,Pi,l) < C{ak{x) + ak-i{x)) 

when k > 1, j E Jk, and I E {k — 1, k} are such that Zk G lOBj^k H llBi^i. First observe 
that 

\xi,i -x\< \xi^i - Zk\ + \zk - fiz)\ + \f(z) -x\< lln + Ceri + 2dist(/(2;), Eq) 

(12.39) < llri + Ceri + 2dist(2;fe, Eq) < lln + Csn + 2\xi^i - Zk\ < 34^ 

by (6.9), because Zk G nll-Bj^^, and because xi^i G Eq by construction. Similarly, \xi^k~x\ < 
34rfc. Notice that 



(12.40) 



dxi,i,ioori{Pj,k, Pi,i) < C{di + d2 + da), 
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with 



(12.41) di = dx,l50ri{Pj,k,Pk{x)), d2 = dx^i50ri{Pk{x),Pi{x)), ds = dx^i50ri{Pl{x),Pi^i), 

and where we may even drop the middle term d2 when I = k. Now 

(12.42) di < Cd^,rAPj,k,Pk{x)) < Cai{x) 

by elementary geometry because we are dealing with d-planes, and by (12.31). Similarly, 
ds < Cak{x) and {if I = k — 1) d2 < Cak-i{x). 

So (12.38) holds, and hence £^(-2fe) < C{ak{x) + ak-i{x)) because of (12.36). We sum 
over k and get that 

(12.43) J2^ki^kf < Cj^M^f < CM, 

k>l k>0 

by (12.32) and as needed for (12.35). Corollary 12.33 follows. □ 

A slightly unpleasant feature of J in (12.32) and Corollary 12.33 is that they depend 
on a choice of planes Pk{x). In the context of Theorem 12.18 (when we study Reifenberg- 
flat sets with holes), Counterexample 12.28 shows that this is probably part of the inherent 
difficulties of the problem. 

In the context of Theorem 1.1 (when we have bilateral approximation by planes), this 
is less of an issue. The next result shows that if we are ready to use a slightly stronger 
necessary condition, then any reasonable choice of planes will work. 

We now give a sufficient condition for the boundedness of J in terms of /?oo-numbers. 
Let Poo{x,r) and J^o be as in (1.11) and (1.12). 

Corollary 12.44. Let e, E, U , and Sq satisfy the hypotheses of Theorem 12.3. Suppose 
in addition that for some M > 1, 

(12.45) Joo{x) =: ^l3oo{x,rkf <M for x e Eq = {x e E ; dist{x,U) < l}, 

fe>0 

where the (3oo{x,r) are defined in (1.11). Then (we can choose the Pk{x) above so that) 
the function g of Theorem 12.3 is bi-Lipschitz: we can find K = K{n, d, M) such that 
(12.34) holds. 

So we can replace J from (12.32) with the more explicit Jqo{x). 

Our condition (12.45) is not necessary and sufficient, but the square exponent is right, 
and (12.45) is not so far off. See the discussion for Ahlfors-regular sets, where it will 
appear that a BMO-like condition on L^ variants of the /3ooix,rk) is needed. Also recall 
that functions like Joo were introduced by P. Jones and C Bishop and have been widely 
used in various contexts involving parameterizations of sets. 

Notice that we are only using a one-sided (3oo function here, but we shall rely on 
the fact that the two-sided version (3^{x,rk) = inip dx,r{E, P) stays small (by (12.5)) to 
control the variations of the Pk{x). 
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As for the previous results, Corollary 12.44 is an extension of Theorem 1.13. 

Let us now deduce Corollary 12.44 from Corollary 12.33. We first need to choose 
d-planes Pk{x) for x E Eq and A; > 0. When 

(12.46) /c > 3 and Pooix, 120rfc) < e, 
we choose Pkix) to be any cZ-plane through x so that 

(12.47) dist(y, Pk{x)) < 103/3<^(a;, 120rfe)rfe < lO^erk iov y e E n B{x, 120rfe). 

Otherwise, if (12.46) fails, we simply choose Pk{x) = P{x,rk), where P{x,rk) comes from 
our assumption (12.5). Let us check that even when (12.46) holds, we have that 

(12.48) d^,200rdPk{x),P{x,rk)) < Ce. 

Apply Lemma 12.12 to Pi = P{x,rk), P2 = Pk{x)i z = x, r = rk, and r = Cs. The 
assumption (12.13) is satisfied because ii y & P{x,rk) H B{x, r^), (12.5) says that we can 
find ^ e E such that \C - y\ < er^, and then dist{^, Pk{x)) < lO^er^ by (12.47). The 
conclusion of Lemma 12.12 is exactly (12.48). 

Because of (12.48) and (12.5), we also have that 

(12 49) ^'^^'^''^ - ^^"^^ ^ ^ ^ ^ 11°^'^) 

and dist(?/, E) < Cevk for y e Pk{x) n B{x, llOrfc). 

That is, the planes Pk{x) also satisfy the property (12.5) (although with the slightly larger 
constant Ce), which means that we could choose them in the statement of Corollary 12.33. 

All we have to do now is check that for this choice of planes, J{x) is bounded on Eq, 
and then Corollary 12.33 will give the result. We shall prove that 

(12.50) ak{x)<C(3oo{x,rk-3) 

for X E Eq and A; > 3; this and the definition (12.32) will then imply that 

(12.51) J{x) < CJoo{x) + ak{x) < CJoo{x) + 4 

k<3 

and Corollary 12.44 will follow because we assume that J-^ is bounded on Eq. 

Let X & Eq and k > 3 he given; in view of the definition (12.31) of ak{x), we need to 
check that 

(12.52) d^,rdPk+i{x),Pk{x)) < Cp^{x,rk-3) 
and 



(12.53) 



dx,rk{Pk{x),Pk{y)) < Cpoo{x,rk-3) 
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for y e Eq n B{x,35rk), and then (12.50) will follow. We shall only prove (12.53), as 
(12.52) is simpler. 

Choose an orthonornial basis ei, ■ ■ ■ , of the vector space parallel to Pk{x), and set 
Po — X and pi — po + rkei for 1 < I < d. By (12.49), we can choose points xi E E such that 

(12.54) \xi-pi\<Csrk ioiO<l<d 

(and we may even take xq = x). We shall first assume that both Pk{x) and Pk{y) were 
chosen according to (12.47). Observe that for < Z < d, 

(12.55) \xi —y\< \xi - a;| + 35rfc < 37rfc, 
so xi e B{ii, 120rfe) and 

(12.56) dist(a;^, Pu{y)) < l^^l^ooiv, 120rfc) ru 
by (12.47). Similarly, 

(12.57) dist(a;/, Pk{x)) < l^^l3^{x, 120rfc) 

by the last part of (12.55) and (12.47), so we can find e Pk{x) and (i e Pk{y) such that 



(12.58) 



\^i - xi\ + \Ci - xi\ < dist(a;/, Pfe(y)) + dist(a;«, Pk{x)) 

< 103/5<^(y, 120rfc) rk + 103/?oo(a:, 120rfe) r^. 



Let us also check that 

(12.59) /?oo(y, 120rfe) < 20p^(x,rk-3). 

Let P be a plane through x such that dist(w, P) < (3oo{x, rk-3)rk-3 for w e EnB{x, rks) 
then in particular dist(|/, P) < (3^{x^rk-3)rk-3- Let P' be the translation of P that goes 
through y\ then d\si{w,P') < 2Poo{x,rk-3)rk-3 for w e E O B{y,120rk) C S(a;,rfe_3), 
and (12.59) follows. The same proof, without any need for the translation, shows that 
Poo{x, 120rfe) < 10Poo{x, Tk-s), and so (12.58) yields 

(12.60) \Ci-xi\ + \Ci-xi\<Cp^{x,rk-3)rk. 

This holds when Pk{x) and Pk{y) were chosen according to (12.47). Otherwise, we simply 
use (12.49) (for x and for y) to choose e Pk{x) and Q e Pkiv) such that 

(12.61) - xi\ + \Ci - xi\ < Cerk. 

If (12.46) fails for y, then /3oo(ic, r^.g) > /3oo(y, 120rfc)/20 > e/20 by (12.59), and (12.60) 
holds too. If (12.46) fails for x, we even get that (3oo{x,rk-3) > (^oo{x, 120rfe)/10 > s/10. 
So (12.60) holds in all cases. 

We shall conclude with the following lemma. 
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Lemma 12.62. Let z e IR", r > 0, r e (0, 10~^), two afRne d-planes Pi and P2, and d 

mutually orthogonal unit vectors ei, ■ ■ ■ , be given. Suppose that, for < I < d, we are 
given points e Pi and C,i & P2, so that ^0 £ B{x,r), 

(12.63) \^i-Q\<rr forO<l<d, 
and 

(12.64) 1^/ - Co - re/ 1 < r/10 for 1 < I < d. 
Then 

(12.65) d^,p{Pi, P2) <Ct forr<p< lOV 

We leave the proof to the reader, but claim that since we can immediately reduce to 
the case when Pi = and use coordinates, it would be easy to verify. □ 

Let us apply Lemma 12.62 with r — Tk-, z — pq = x, Pi — Pk{x), P2 = Pk{y), and 
T = C(3oo{x,rk-3); (12.63) follows from (12.60) and (12.64) holds by (12.54) and (12.58) 
(or (12.61) if the right-hand side of (12.58) is larger than Ce). Now (12.65) says that 
dx,rk{Pk{x),Pk{y)) < C(3o^{x,rk-3), which is (12.53). 

As we said earlier, (12.52) is easier, (12.50) follows from (12.52) and (12.53), and 
Corollary 12.44 follows from (12.50). □ 

13. Local lower- Ahlfors regularity and a better sufficient bi-Lipschitz condition 

The next sections will be devoted to locally Reifenberg-flat Ahlfors-regular sets. In 
most of this one, and to the authors slight surprise, we do not need to assume that E 
is locally Ahlfors-regular yet. We need and prove the lower bound (see (13.2)), and the 
results would probably be hard to apply when IP^ restricted to E is locally too large. 

The main result of this section is that we can replace the Jones function J^o in Corol- 
lary 12.44 with the often smaller Ji based on norms. See Corollary 13.4. 

When n = d+1, we shall use Corollary 13.4 to give another sufficient condition for 
the existence of a bi-Lipschitz parameterization of E, in terms of the unit normal to E. 
This condition is reminiscent of conditions given by Semmes in the context of Chord- Arc 
Surfaces with Small Constants [Sel,2,3]. See Corollary 13.46. 

Let £^ C be given, and set 

(13.1) A(x,r)=inf{l / ^^^^^dH'iy)], 

for X G and r > (as in (1.15)), where the infimum is taken over all d-planes P through 
B(x,r) (there is no point in taking P further away) and H'^ denotes the dimensional 
Hausdorff measure (see [Ma] or [Fe] , and recall that coincides with the surface measure 
on smooth cZ-dimensional submanifolds) . 
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Even though we do not need to assume this to define Pi {x, r) and prove the result 
below, it is often easier to use /?i when 

(13.2) Co" < H'^iE n B{x, r)) < Cqt'^ 

(as we shall assume in the next sections). Note that if (the second half of) (13.2) holds, 
then we can deduce from Holder's inequality and the definition (1.15) that 

(13.3) C^pq{x,r) < pp{x,r) < Q Poo{x,r) for 1 < g < p < +oo, 

and /3i{x, r) is easier to control than the other Pq. If instead H^{E fl B{x, r)) is too large 
(and in particular if it is infinite), we shall probably not be able to estimate Pi{x,r), and 
we may as well use /3oo as in the previous section. Of course we may try to replace H*^ 
in (13.2) with a difi'erent measure, or normalize differently, but the choice of (13.1) and 
(13.2) seems very reasonable in the present context. 

Corollary 13.4. Let e, E, U , and Sq satisfy the hypotheses of Theorem 12.3. Suppose 
in addition that for some M >1, 

(13.5) Ji{x) =:^pi{x,rkf <M for x e Eq = {x e E ; dist{x,U) < l}. 

fc>3 

Then we can choose the d-planes Pj^k the proof of Theorem 12.3 so that, in addition to 
the properties stated in Theorem 12.3, g is K-bi-Lipschitz on (i.e., (12.34) holds), with 
K = K{n, d,M). 

There is not much point in using Corollary 13.4 when we have no control on H'^{E), 
but when (13.2) holds ior x E E n and r < 1, (13.3) says that Corollary 13.4 is better 
than its analogue with J^q (Corollary 12.44). In fact, (13.5) not far from being optimal: 
as we shall see in Section 15, if E' is a bi-Lipschitz image of Eq, then we have BMO-type 
estimates for the Jg for 1 < g < -j^. And J^o could fail to be integrable, essentially 
because we have no Sobolev embedding for large exponents. See Remark 15.38. 

We shall try to use the same sort of proof as for Corollary 12.44, but first we shall 
establish lower bounds on H'^{E fl B{x,r)), which are obviously needed if we want the 
Pi{x, r) to give some control on the geometry. 

Lemma 13.6. Let e, E, U, and Eq be as in Theorem 12.3. Then 
(13.7) H'^iE n B{x, ro)) > (1 - Ce) Ud 4 

for xq e El = {x e E ; dist(x, U) < 3/2} and < tq < 10'^, and where ujd = H'^{R'^ n 
-8(0, 1)) denotes the measure of the unit ball in M*^. 

Let xq e El and < ro < 10~^ be given. We shall only need to know that for 
X e E f] B{xo,5ro) and < r < ro, we can find a d-plane P = P{x,r) such that (12.5) 
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holds. This follows from the assumptfons of Theorem 12.3, because x e U'^ = {x E 
E; dist{x,U) < 2}. 

It will be more convenient to renormalize and work with B{xo, tq) replaced by B{0, 10). 
So we set 

(13.8) F =10rQ^(E -xo). 

By what was just said, for each x e F n -6(0, 50) and < r < 10, there is a d-plane P{x, r) 
such that 

(13.9) d^,iiOr(P(a;,r),F) <e/110, 
as in (12.5). 

Then F satisfies the assumptions of Theorem 12.3, with Sq = P(0, 1) and U = 
S(0,40). Indeed, Sq = P(0, 10) satisfies (12.1) trivially, (12.4) follows from (13.9), and so 
does (12.5). We do not even need to multiply e by a constant. 

So Theorem 12.3 gives a bi- Holder mapping g : such that in particular 

(13.10) \g(z) -z\<Ce for z 
and 

(13.11) F n B{x, 40) = £f(P(0, 1)) n B{x, 40). 

as in (12.7) and (12.9). 

Denote by tt the orthogonal projection onto P = P{0, 1), and set h — no g. Note that 
for z e P, 

(13.12) \h{z)-z\ < \h{z)-g{z)\ + \g{z)-z\ < dist{g{z), P) + \g{z)-z\ < 2\g{z)-z\ < 2Ce 

by (13.10) and because z E P. From this and a little bit of degree theory, we deduce that 
h{P) contains P fl B(0, 10). The proof is the same as for (5.47); we could also say that a 
continuous mapping h : P ^ P such that h{x) = x for x large (which is the case here by 
construction) is surjective. 

Set L> = P n S(0, 10 - 3Ce), where C is as in (13.10) and (13.12). Let w E D, 
and let ^ e P be such that h{z) = w. Thus w e P(0, 10 - Ce) by (13.12), and g{w) E 
P(0,10)_by (13.10). In addition, g{w) G P by (13.11), and w = h{z) = 7r{g{w)). So 
D C 7r(PnP(0,10)), and 

(13.13) H'^(F n P(0, 10)) > H'^{ti(F n P(0, 10))) > H'^{D) = ^^(10 - 3Ce)'^ 
because tt is 1-Lipschitz. By (13.8), 

(13.14) H\E n B{xo, ro)) = (ro/10)''iy''(P n P(0, 10)) > uail - 3C£/10)^r^, 

as needed for (13.7). Lemma 13.6 follows. □ 
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Now we want to follow the proof of Corollary 12.44. We shall have to be slightly more 
careful about the choice of points xj^k- Here we will pay the price for deciding that the 
d-plane Pj^k should go through fc, because it does not make sense to force the planes P to 
go through the center of B{x, r) when we define r). That is, the best approximating 
planes P could well pass some distance away from x. 

For each > 0, we start with a collection {xj,fc}, j G Jfe, of points of Eq, which is 
maximal under the constraint that \xi^}~ — Xj^}~\ > 4rfe/3 when i ^ j, and we promise to 
choose 

(13.15) Xj,ke EnB{xj^k,rk/S). 
Then 

(13.16) EoC (j S(J,-fe,4rfe/3) C |J B{xj,k,5rk/S) 

and (2.3) follows as before because dist(a;i,fc+i, -E'o) < i^k+i/^ for i £ Jk+i- We still get 
that the limit set E^o of (2.19) is the closure of Eq. 

Also notice that Xj^k ^ EdU^ because \xj^k — Xj^k\ < fk/'^ and ^j,fe ^ Eq (see (12.10) 
and (12.2)) so dist(a;j,o,'So) < e for j e Jq, by (12.4).' That is, (2.7) holds. 

Next we want to choose the d-planes Pj^k, j £ Jk- We start in the most interesting 
case when 

(13.17) /c > 2 and (3i{xj,k, 120rfc) < e. 
We choose a first d-plane ^ such that 

^ f dist(y,P'i.) 

(13.18) (120rfc)-^ / ^ dH\y) < 2/3i(x,- fc, 120rfe) < 2e 

(compare with the definition (13.1)), and then use Chebyshev's inequality to choose xj^k £ 
E n B{xj^ki fk/'^) so that 



dist(x,- fc, Pj,,) < H\E n B{x,,k. rfe/3))-i / ^ dist(2/, Pj, J dH\y) 

JEnB{xj^k,rk/S) 

(1^-19) <Cr^'' [ ^ disi{y,Pl,)dH\y) 

JEnB{xj,k,'i-20rk) 

< C(3i{xj^k, 120rk)rk < Cevk 
by (13.7), (13.18), and (13.17). Now we let Pj^k be the d-plane parallel to ^ that contains 

Xj,k- 

In the other case, when (13.17) fails, we simply take Xj^k = Xj,k cind Pj^k — P'j k ~ 
P{xj^kifk) (the d-plane given by (12.5)). 
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We shall prove directly that we have the compatibility conditions (2.8)- (2. 10) and the 
summability condition (2.24) (the adaptations that would be needed to follow the proof of 
Corollary 12.44 would be even more painful). 

Fix k > and j G Jfc. We shall now choose d + 1 points zi E E n B{x, r^), < I < d, 
that will control the position of Pj f.. First choose an orthonormal basis {ei, • • • Cd} of the 
vector space parallel to P{xj^k,fk)- Set 

(13.20) pq = Xj^k and Pi=Po + ^ rfeC/ for 1 < I < d. 

By definition of P{xj^k, fk) (i-e., (12.5)), we can find wi G E n B{pi, Cerk)- Observe that 

(13.21) \wi - Xj^},\ < \wi - Xj^k\ + y < |p« - + Cerk + y < ^ + Cerk, 
by (13.15) and (13.20), so 

(13.22) B{wi,rk+2) C B{xj,k,rk). 

First assume that (13.17) holds. Observe that \wi —Xj^k\ < 10~^ by the end of (13.21) 
and because k > 2, so wi E Ei because Xj^k C Eq , and so and H'^{EnB{wi, rk+2)) > C~^rf, 
by Lemma 13.6. We use Chebyshev's inequality to find zi e E (1 B{wi,rk+2) such that 

dist(^^ J < H\E n B{wi,rk+2))-^ I dist(y, Pj, J dH\y) 

J EnB{wi,rk+2) 

(13.23) < Cr^"^ [ ^ dist(y, Pj^^) dH^y) < CPi{xj,k, 120rk)rk < Cerk 

j£nB(a;^,fc,120rfe) 

because B{wi,rk+2) C Bixj^ki 120rfc) (by (13.22)), the choice of Xj^ki and by (13.18). Let 
us record that 

(13.24) \zi - zo-'^ei\ = \zi - zq - pi + Po\ < 2rk+2 + \wi - wq - pi +po\ < Srk+2 

by (13.20) and because wi e B{pi, Cerk)- We shall later need to know that 

(13.25) d~ ^^^^jP,,k,P{xj,k,rk)) < Ce. 

Let us apply Lemma 12.62 with z = xj^k, r = t = Ce, Pi = P'- ^, and P2 = P{xj^kj fk)- 
We use (13.23) to find 6 e Pj ^ such' that \ii - zi\ < Cerk and use (12.5) and (13.22) 
to choose Qi G Pixj^kifk) such that \C,i — zi\ < Cerk (so that (12.63) holds). Note that 
(12.64) follows from (13.24), so Lemma 12.62 applies and (12.65) (with p = llrfe) says that 
k iirk^^^:ki Pi^3,ki''^k)) < Ce; (13.25) follows because Pj^k is obtained from Pj^^ by a 
translation by less than Cerk (by (13.19) and the line that follows it). 

Return to the choice of zi. When (13.17) fails, we simply take zi = wi- Recall that 
wi G E n B{pi, Cerk), so that in this case, 

(13.26) dist{zi, Pj ,^) = dist{wi,P{xj^k,rk)) < \wi - pi\ < Cerk 
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because P- ^. = P{xj^k,rk) and pi e P{xj^k,rk)- 

Let us first check (2.9). Let j e Jq and a; e Eq be such that \xjfi — x\ < 2. Notice 
that (13.17) fails because /c = 0, so Xj^ — Xj^o and Pjg = P{xjfi, 1). 

Choose the zi, < I < d as above. Observe that zi & E (1 because zi e 
B{xj^kifk) by (13.22) and Xj^Q = Xj^ G Eq (also see the definitions (12.10) and (12.2)). 
So dist(;2z,So) < £ by (12.4), and dist(2;^, Pa;) < 2e by (2.4), (2.5), and also because 
\xj,Q -x\<2 and zi = wi e B{xj^k, ^k) by (13.22). 

We may now apply Lemma 12.62 with z — Xj^, r — t = Ce, Pi = Pj^q, P2 = Px, 
and where G Pj^ = P{xj^o,l) is chosen such that — zi\ < Ce (using (12.5)) and 
G Px is chosen such that |0 — zi\ < Ce. Then (12.63) holds, and (12.64) follows from 
(13.24). So Lemma 12.62 applies, and says that dx ^ ioo{Pj 0, Px) < Ce, as needed for 
(2.9). 

We shall try to prove (2.8), (2.10), and (2.24) at the same time, so let us fix A; > 
and J G Jfe, and give ourselves m G {k,k — 1} and i G Jm, such that 

(13.27) \xj^k - Xi,m\ < lOOrm- 

We want to show that Pi^m lies close to Pj,k- Let us first assume that (13.17) holds for 
both pairs (j, k) and {i, m). As before, we use Chebyshev to find zi G EnB{wi, rk+2) such 
that 

(13.28) dist{zi, Pj^fc) < Cpi{xj,k, 120rfe)rfe < Cerk 
as in (13.23), but at the same time we use the fact that 

(13.29) B{wi, rk+2) C B{xi,m, norm) 

(because \wi-Xi^rn\ < \wi-Xj,k\ + \xj,k-x,^rn\ + \xt,m~x,^rn\ < ^ + Cerfe + lOOr^ + ^ < 
102r^ by (13.21), (13.27), and (13.15)) to demand that in addition 

dist(^,, PlJ < 2H\E n B{wi, rk+2))-^ I dist(y, P^J dH\y) 

J EnB{wi,rk+2) 

(13.30) < / ^ dist(|/, PlJ dH\y) < Cpi{xi,m, 120r™)rfc < Cerk 

J EnB{xi,m.,'i-'20rk) 

by (13.18) and (13.17) for the pair {i,m). Recall from (13.19) and the line below that Pj^k 
is obtained from Pj ^ by a translation of dist{xj^k: Pj k) — CPi{xj^k: 120rfc)r/s, and similarly 
for Pi^rn- So (13.28) and (13.30) allow us to find G Pj^k and Q G Pi^m such that 

(13.31) \Ci -zi\ + \Ci-zi\< Crk[(3i{xj,k, ISOr^) + pi{xi,m, 120r^)] < Cerk- 

Apply Lemma 12.62 with z = xj^k, r = t = C[/3i(xj,fe, 120rfe) + /3i(xi,rn, 120r^)], 
Pi = Pj,fc, and P2 = P^,m■, (12.63) holds by (13.31) and (12.64) follows again from (13.24). 
So Lemma 12.62 applies, and says that 

(13.32) dxj ^.^p{Pj^kj Pi,m ) < C[Pi{xj,k, 120rfe) + Piixi,m, 120r^)] < Cs 
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for ^ < p < SOOOrfc. 

If (13.17) holds for (j, /c), but fails for (z, m), we simply select the zi G EnB{wi, rk+2) 
so that (13.28) holds. But then Xi^rn = a^i,m ^ Eq and P^^^ = P{xi^rmfm)i so (12.5) and 
(13.29) say that we can choose Qi e Pi^m such that — zi\ < STm- Then 

(13.33) \ii-zi\ + \Ci-zi\<Cerk. 
by this and (13.28). Lemma 12.62 yields 

(13.34) d^,^,,f>{Pj,k, Pi,m) <Ce for ^ < p < 5000rfc. 

Similarly, if (13.17) fails for (j, k) and holds for (i, m), we choose the so that (13.30) 
holds, and use the fact that Pj^k = P{xj,k:fk) to apply (12.5), show that dist{zi, Pj^k) < 
erfc, and get (13.33) and (13.34). Finally, when (13.17) fails for both pairs (j, k) and (^,m), 
we choose zi = wi, apply (12.5) to both pairs, and get (13.33) and (13.34). 

Now (2.8) (with the new constant Cs) follows from (13.32) or (13.34), applied when 
m = k and p = lOOrfc. For (2.10) (which we verify for k — 1 and when > 1), we choose 
m = k — 1, and still get (13.27) because \xi^k-i — Xj,k\ < '^i^k-i = 2r^; then (2.10) also 
follows from (13.32) or (13.34), applied with p = 20rk-i- 

This completes the verification of the assumptions of Theorem 2.15; we are now left 
with (2.24) to check. For 2; e Eq, choose z E Eq such that 

(13.35) 1^-/(^)1 <2dist(/(^),£;o) 
Let us check that 

(13.36) e'kifkiz)) < C(3i{z, rk-^) for ^ e Eq and /c > 3, 

where the are defined in (2.21) and (2.22); (2.24) will follow from this, because then 

e'kUk{z)f < 3 + 5^ e'^Uk{z)f < 3 + C /3i(^, Vk-^f 

(13.37) fc>o fc>3 fc>3 

< 3 + CJi(^) < 3 + CM 

for z e So, by (13.5) and because z e £'0. 

By the definition (2.21)-(2.22), we just need to show that 

(13.38) dxi^^,100rm{P3,k,Pi,m) < C/3i{z,rk-3) 

when j G Jfc, m G {/c — 1, k}, and i G Jm are such that 

(13.39) y = fk{z) lies in lOBj^k n 115^,^. 
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Note that \xj^k — Xi^rnl < lOrjt + llr^n < 21rm because lOBj^j^ fl llBi^rn so (13.27) 
holds. If both pairs {j,k) and (z,m) satisfy (13.17), then 

(13.40) 

< C[/3i(J,, fc, 120rfc) + /3i(J.,^, 120r^)] 

by (13.32), appUed with p = 200r^ < SOOOrfc. If (13.17) fails for at least one of the two 
pairs, then we apply (13.34) instead of (13.32), and get that 

(13.41) dx,^^ 

But since A; > 3, if (13.17) fails for (j, k), then Pi{xj^k, 120rfc) > e, and (13.41) is stronger 
than (13.40). Similarly, if (13.17) fails for (i,m), then /3i(^,,^, 120r^) > e and (13.41) is 
stronger than (13.40). So (13.40) holds in all cases. 
RecaU from (13.39) that y = fk{z) e 105^,^; then 

\z-y\<\z- f{z)\ + \f{z) - Mz)\ < 2 dist(/(^)), Eo) + \f{z) - Mz)\ 

(13.42) < 2dist(/fc(^)), £;o) + 3\f{z) - Mz)\ < 2\fk{z) - xj,k\ + Cerk 

2rh 

< 2\fk{z) - Xj,k\ + + Cerfc < 21rfc 

by (13.35), (6.9), because xj^k G Eq, and by (13.15) and (13.39). Because of this (and 
(13.15) and (13.39) again), 

(13.43) B{xj,k, 120rk) U B{xi,m, 120r^) C B{z, rk-s). 

Let the d-plane P minimize in the definition (1.15) of Pi{z,rk-3)', by (13.43) we can also 
use it in the definition of Pi{xj^k, 120r/s), and 



P,{xj,k, 120r,) < (120r,)-'^ [ ^ ^^^^^ dH\y) 

< Civk-s)-' f dist(y,P) ^ Cp,{z,n-3). 

Similarly, /3i(xi^^, 120r^) < C/3i(^, rfc-s), and now (13.38) follows from (13.40). 

So (13.38) holds, which as we know implies (13.36) and then (2.24). This was the last 
verification that we needed to do, in order to apply Theorems 2.15 and 2.23 as we did for 
Theorem 12.3 and its other corollaries. So we completed the proof of Corollary 13.4. □ 

We shall now encode the sufficient condition of Corollary 13.4 in terms of unit normals. 
To simplify the statement, we assume that n = d + 1 and E = dfl for some domain 
Q, so that we can define the outward unit normal n{x) at x G E, but with no estimates 
attached. We replace the function Ji with 

(13.45) H{x)^ rf"'/ r-'\{y-x,nx,r)\dH''{y)y- 

Jo ^ JEr\B{x,r) f 
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where we set n^,^ = H'^{E fl B{x, r)) ^ / n{y)dH'^{y). 

JEr\B{x,r) 

Corollary 13.46. Suppose that n — d + 1, E = dfl for some domain Q, and that s, 
E, U, and Eq satisfy the hypotheses of Theorem 12.3. Suppose in addition that there exist 
M >1 and Cq > 1 such that 

(13.47) H(x) < M and H'^{E n B{x, r)) < Cqt'^ for x e Eq = [x e E ; dist(a;, U)<l]. 

Then there exists K = K{n, d, Co, M) such that, if we choose the planes Pj^k in the proof 
of Theorem 12.3 correctly, then g is K-bi-Lipschitz, i.e., (12.34) holds. 

Of course K does not depend on any estimates that we may have on E. We want 
to deduce this from Corollary 13.4, so it is enough to check that for x E Eq and < r < 1, 

(13.48) Pi{x,r) < Cr-'' I r-^\{y - x,n,,r)\dH\y). 

JEnB{x,r) 

Indeed, (13.48) implies that Pi(x,rf ^ < CM for x e Eq, by (13.45) and (13.47), and 
hence 



ic^.^ ic^.^ fc-1 



fc>3 fe>3 

(13.49) 



r 



<102'^C^ r /3i(a;,r)2-<102''C f' /3^{x,rf - < C M 



by the definitions (13.5) and (13.1), which is enough to apply Corollary 13.4. In fact, as 
soon as we check that 

(13.50) \n^,r\ > for a; e and < r < 1, 

(13.48) will follow from the definition (1.15), just because if P denotes the hyperplane 
through X orthogonal to n^^r^ | (y ~ 2;, 11^;^^) \ = l^x.rl""*^ dist(y, P) ior y E E D B{x, r). 

So we want to check (13.50), and we apply Green's formula to the Caccioppoli set 
nnB{x,r). We get that 



(13.51) / n{y)dH'^{y) 

Jd 



0, 



where d is the reduced boundary of Vtr[B{x, r), and n{y) denotes the approximate outward 
unit normal to O fl B{x,r) at y. (See for instance [Gi] or [AFP].) On di = d (1 B{x,r), d 
is the same as E, and n{y) is equal to the unit normal to dVl at y, so 

(13.52) / n{y)dH\y) = / n{y)dH\y) = H\E n S(x, r)) n,,,. 

Jdi JEr\B{x,r) 
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Let P = P{x,r) be the hyperplane promised by (12.5), and set 82 = {y E d f] 
dB{x,r) ; dist(?/,P) < er}. See Figure 2. Then 



(13.53) I / n{y)dH'^{y) \ < H'^{d2) < H'^{{y e dB{x, r) ; dist(y, P) < er}) < Cer'^. 

Jd2 

Finally set = d\{diU 82) = ^ r\ [y e dB{x, r) ; dist(?/, P) > er}. Denote by S+ and 
S_ the two components of {y e dB{x,r) ; dist(y, P) > er}; we claim that ^3 = S+ or 
^3 = S_. Indeed, since x E dfl, we can find points yi E O, and y2 E \ O, very close to x; 
then we can use Theorem 12.3 to find a path 71 in \ E that goes from yi to E_|_ U E_, 
and similarly for y2- To be fair. Theorem 12.3 is not really needed here, and we could 
construct 71 by hand, by concatenating successive intervals going away from E', that we 
would draw at different scales. Since yi and j/2 he in different components of \ they 
are connected to different E-t, and the claim follows. 




Figure 2. 

Suppose for definiteness that ^3 = E+, and let n+ denote the unit normal to P that 
goes in the direction of E+. Then 

(13.54) / n{y)dH\y)=Ud{l-eY'^r''n+, 

where ojd is the iif'^-measure of the unit disk in (apply Green's formula to the convex 
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hull of Altogether, 

Hd{EnB{x,r))\n,,r\= f n{y)dH\y) = [ n{y)dH\y) 

I n{y)dH'^{y) - j n{y)dH'^{y) >c{l-Ce)r' 

J da J do 



(13.55) 



by (13.51)-(13.54), which implies (13.50) because of (13.47). Corollary 13.46 follows. □ 

Remark 13.56. We defined H and stated Corollary 13.46 mostly because of S. Semmes' 
characterization [Se] of the Chord-Arc Surfaces with Small Constants (CASSC) by the fact 
that the unit normal has a small BMO norm. Here we allow H to be large (even as a BMO 
function), but bounded. This boundedness assumption cannot be hoped to be necessary. 
Also see Remark 15.43 for a rapid discussion on the available results for the various forms 
of uniform rectifiability. 

It could be interesting to know whether H[x) can be replaced with the simpler- looking 



(13.57) H{x) = f r-'^ f \n{y) - n^, 

Jo JEnB{x,r) 



,2 dHd{y)dr 



in the statement of Corollary 13.46. 

Remark 13.58. In higher codimension, we could try to set 

(13.59) H{x)= fUr-" [ r->i,(y - x) |cZiy'^(y)|' - 

Jo JEnB{x,r) ^ 

where tt^j. would be some average on fl B{x,r) of '7T^{y). It is tempting to set tt^,, = 
H'^iE n B{x, r))-^ / 7r^{y)dH'^(y). In this case we did not check whether there is 

J EnB(x,r) 

a (i-plane P(x, r) such that dist(|/, P{x, r)) < C\T:^^^{y — x) | for y e B{x, r), as we deduced 
from (13.50) when d = n — 1. 



14. Big pieces of bi-Lipschitz images and approximation by bi-Lipschitz do- 
mains 

When E is both locally Reifenberg-flat (as in Theorem 12.3), and locally Ahlfors- 
regular (as in (13.2)), but the function Ji of (13.5) is not bounded, we can still find very 
big pieces of bi-Lipschitz images of Eq inside E. 

We shall also see that we can find nicer domains C R" \ -E, that are bi-Lipschitz 
images of saw-tooth domains, and whose boundaries contain very large parts of E. 

Both results will rely on the proof of Corollary 13.4, but also on the local uniform 
rectifiability of E, which will be proved in the next section as a consequence of Theorem 12.3 
and the local Ahlfors-regularity of E. 

Let us first state the result about very big bi-Lipschitz pieces, and worry about saw- 
tooth domains later (in Proposition 14.16). 
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Theorem 14.1. Let s > be small enough, depending on n and d. For each choice of 

Cq > 1 and T > 0, we can find K = K{n, d, Cq, t) such that the following holds. Let 
E,U,Tjq e be given, and assume that (12.1) and (12.4) hold. Also assume that E is 
closed and that for x E E n and r G (0, 1], 

(14.2) H'^{E n B{x, r)) < Cqt'^ 

and there is an affine d-plane P — P{x, r) through x such that (12.5) holds. Then there is 
a bi-Lipschitz mapping g ^W^, such that 

(14.3) H'^{E nB{x, 1/2) \ g{Eo)) <T forxeEnU, 

(14.4) K-'^\x-y\ < \g{x)-g{y)\ < K\x - y\ for x,y e W, 

(14.5) \g{z) -z\<Cs for z e R", 
and 

(14.6) g{z) = z forzeW such that dist(2, U) > 13. 

We wrote (14.3) in a slightly strange localized way because we also want to allow the 
case when E and U are unbounded. Also, we did not include a lower bound in (14.2), 
because it is provided by Lemma 13.6. 

The proof will use the fact that there is a constant Ci > 0, that depends on n, d, and 
Co, such that 

(14.7) [ Ji{x) dH\x) < Ci ioTxeEDU, 

JEnB{x,l/2) 

and where Ji is still as in (1.15) and (1.16) or (13.1) and (13.5). We could also have worked 
with some other exponent q < but there is not much point because Ji is smaller (by 
(13.3)). We shall prove (14.7) in the next section, as a consequence of the local uniform 
rectifiability of E near U. In the mean time, let us check that Theorem 14.1 follows from 

(14.7) . Set 

(14.8) E'q = {xeEo; Ji{x) < r-^Ci} = {xeE; dist(a;, U) < 1 and Ji{x) < r-^Ci}. 
Then 

(14.9) H'^{E n B{x, 1/2) \E'q)<t iorxeEr\U, 

by (14.7) and Chebyshev. 

Now let us construct g as we did for Corollary 13.4, except that for each A; > 0, our 
original collection of points Xj^ki j £ Jkj is now chosen to be a maximal collection in E'q 
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(instead of Eq) subject to the same constraint that \xi^k—Xj^k\ > 4:ri~/3 for i ^ j. Compare 
with the description above (13.15). Other than that, we define the Xj^k ^ind the Pj^k cis 
before. 

Our various estimates on the relative distances between the planes Pj,k, ah the way up 
to (13.34) included, still hold now: they would even hold on the larger Eq. In particular, 
we can use Theorem 2.15 to construct g. 

Let Eoo denote the limit set of (2.19). Let us check that 



for each A; > 0, and so Eq C Eoo. Conversely, E^o C Eq because (iist{xj^k, Eq) < \xj,k — 
Xj,k\ < ^A:/3 for > and j e Jk (by (13.15)). The fact that E^o C fi'(So) is just the last 
statement in Theorem 2.15, so (14.10) holds. Now (14.9) and (14.10) say that 

(14.12) H\Er\B{x, l/2)\^(Eo)) < H\Ef\B{x, l/2)\E^) < H''{Er]B{x, 1/2)\E'q) < r 

ior X e EnU, so (14.3) holds. Since (14.5) and (14.6) follow from the proof of (12.7) and 
(12.6), we just need to check the bi-Lipschitz estimate (14.4). 

We still want to proceed as in the proof of Corollary 13.4, so we choose z G Eq such 
that \z- f{z)\ < 2dist(/(^)),E^) (as in (13.35)). Then we follow quietly the proof of 
Corollary 13.4. It is stiU enough to prove (13.36), because (13.37) holds with M = t~^Ci 
(by (14.8)). The only place where our current choice of ^ could make a difference is (13.42) 
and (13.43), but they still hold with the same proof, because now Xj^k £ Eq. Note that 
Eq plays the role £"0 did in the proof of Corollary 13.4. So (2.24) holds for the same 
reasons as before. Theorem 2.23 applies, and g is bi-Lipschitz. This completes our proof 
of Theorem 14.1 modulo (14.7). □ 

Remark 14.13. Here we decided to stop when the function Ji becomes too large. We 
could also decide to replace Eq with Eq = {a; 6 £'0; Joo{x) < M} for some large M 
(compare with (14.8)), and then modify the proof of Corollary 12.44 as we just did for 
Corollary 13.4. 

This would give a bi-Lipschitz mapping g, with the usual properties, including (14.10). 
But of course this is more interesting if we know that some part of E lies in Eq, i.e., if we 
have some control on the restriction of Jqo to Eq. In the case of Theorem 14.1, we got the 
corresponding control from (14.7). 

We could also do a similar stopping time in the context of Corollary 12.33, and stop 
when J gets too large. But again this would work best if we controlled J. 

Let us now state a result on approximating saw-tooth domains. Keep the notations 
and assumptions of Theorem 14.1, set 



(14.10) 




Eoo C g{T,o). 



Indeed the proof of (13.16) yields 



(14.11) 



Eq C \Jjej^B{xj^k,5rk/3) 



(14.14) 



Eoo = 9 ^(Eoo) C So 
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(by (14.10) and because g is injective) and define the saw-tooth domain 

(14.15) ^A = [^''\V]\j{zeV; \q{z)\> Adisi{p{z),F^)], 

where A > 1 wiU be chosen soon, V ^ [z e W^] dist(^, So) < 40}, p{z) e Sq, and 
q{z) — z —p{z), are as in Lemma 10.1. See Figure 3. 




Figure 3. The saw-tooth domain Q,a 

Thus, if So is a d-plane, p{z) is the orthogonal projection of z on P, and q{z) is the 
orthogonal projection of z on P^. If in addition cZ = n — 1, Q.a is composed of two regions, 
whose common boundary is and that are both bi-Lipschitz equivalent to a half space. 
When d < n — 1, think about a single domain which is invariant under rotations along Sq 
and such that OVLa H So = Fqo- Note also that since is a bi-Lipschitz homeomorphism, 
giVtA) is a reasonably nice domain, whose boundary is g{dVtA)- 

Proposition 14.16. Keep the notation and assumptions of Theorem 14.1. If A is large 
enough, depending on n, d, Co, and r, then 

(14.17) g{ilA)r]Er]U = $ and g{drtA) f] E nU = Eoo nU. 
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When n = d+1 and Sq is a plane, we even have that gidQ-^) nEnU ^ 9{dQ-^) nEnU = 
Eoo n U, where fl^ and f]^ denote the two connected components of Ha- 

Recall from (14.12) that H'^{E n B{x, 1/2) \ Eoo) < t for x e E n U, so (14.17) says 
that most of E (lU lies in dflA- Thus, when d = n — 1 and Eq is a plane, for instance. 
Theorem 14.1 and Proposition 14.16 say that locally, E contains very big pieces of bi- 
Lipschitz images of R'^, but also give nice domains that are contained in components of 
\ E and contain these big pieces in their boundary. See Theorem 15.39, Remark 15.44, 
and Proposition 15.45 concerning a uniform version of this and its relations with previous 
works. 

We now prove the proposition. Let us first check that 

(14.18) g{z) eR^'XE when ;z e \ Sq is such that g(z) e U. 

If dist(^, E) > 10-^ then dist(^(;2), E) > dist(2, E) - Ce > hj (14.5) and we are done. 
So assume that dist(2;, E) < 10~^. Choose w e E such that |w — 2;| < dist(2;, E) +£. Then 
w e U'^ (because g{z) e U and \g{z) — z\ < Ce by (14.5)), so 

(14.19) dist(^. So) <\w-z\+ dist(«;, Sq) < dist(^, E) + 2e< 10"^ + 2e 

by (12.4). In particular, z & V, p{-) and q{-) are defined near z, and we can find x e Fqo 
such that 

(14.20) \p{z)-x\ < 2dist(p(2;),Foo) < j \q{z)\ 



by (14.15) and hence 



2K 

(14.21) \f{p{z)) - fix)\ = \g{p{z)) - g{x)\ < — \q{z)\ < \q{z)\, 

because f = g on Eq, by (14.4), and if A is large enough. 

Let k be such that rk+i < \q{z)\ < r^; note that k > because \q{z)\ = dist(2, Eq) < 1 
by (10.12) and (14.19). Also, f{x) e E^o = K (^ecaU that g = f on Eq and use (14.14) 
and (14.10)), so by (14.11) we can find j G Jk such that f{x) e 2Bj^k- Then 



(14.22) 



l^(^) - xj,k\ < \g{z) - fipiz))\ + \f{p{z)) - f{x)\ + \f{x) - x,,k\ 

< \9{z) - f{p{z))\ + \q{z)\ + 2rk < (2 + C£)|g(^)| + 2rk < 5rfc 



by (14.21), (10.25) and the convention (10.19), and by definition of k. 
Obviously (14.18) will follow as soon as we check that 

(14.23) dist{g{z),E)>^\q{z)\, 

because \q{z) \ = dist(2;, Sq) > by (10.12) and because z ^ Sq. Suppose that (14.23) fails, 
and let ^ e -E be such that \g{z) — ^| < 2\q{z)\/3. Notice that |^ — Xj^k\ < \9{z) ~ Xj,k\ + 
2\q{z)\/3 < 6rfc by (14.22) and the definition of k, so 

(14.24) e e ^ n 65,- GEO B{xj,k, Tr^), 
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because \xj^k ~Xj,k\ < i^k by (13.15). Then 

(14.25) dist(^,P(xj-fc,rfc)) <£rfc 
by (12.5). If (13.17) fails, we chose Pj^k = P{xj,kifk)i so 

(14.26) dist(e,P,-,fe)<C£rfe 
as well. Otherwise, (13.25) says that 

(14.27) ^ Ce, 

and again (14.26) holds because of (14.25). 

Recall from Proposition 5.4 that in 49Bj k, coincides with a Ce-Lipschitz graph 
over Pj^k, that passes within Cerk of Xj^k- Thus (by (14.24) and (14.26)) we can find to G 
such that |w — ^1 < Cerk- Finally, dist(t(;, S) < Cerk by (6.9), so dist(^, E) < Cerk, and 

(14.28) dist(i7(^), S) < \g{z) - ^| + dist(^, E) < + dist(^, S) < + Cerk. 
Recall that k was chosen so that rk+i < \qiz)\ < rk, so (14.28) implies that 

(14.29) dist(^(.), E) < ^ = Mi!!^ 

by (10.12), and in contradiction with (10.27). This proves (14.23), and (14.18) follows. 

Let us now check (14.17). Suppose we can find w e g{0,A) H E nU, and let z G 
be such that g{z) = w. Then z G 0,a \ Sq (because Qa does not meet Eq), so (14.18) says 
that g{z) ^ E, a contradiction. 

Next suppose that w G g{d^lA) n E nU, and again write w = g{z). If 2; G i^A \ Eq, 
(14.18) gives a contradiction as before. So z G Eq. Since z G OQa, there is a sequence {zk} 
in Qa that converges to z. By (14.15), Zk & V for A; large, g(2;fc) = dist(^fc, Eq) tends to (by 
(10.12)), and hence dist{p{zk), F^) tends to too. But Zk — p{zk) + Q{zk), so dist(zfc, F^) 
tends to 0, and z G F^o because F^o = g~^{E^) is closed (by (14.10) or the definition of 
the limit set). Then w = g{z) G -Eoo and we proved that g{dVLA) r\Er\U C. Eoo H U. 

Conversely, if w G E^nU, z = g~^{w) lies in Foo C Eq (by (14.14)), and (14.15) says 
that z G d^A (draw a line segment L starting from z and perpendicular to Eq at 2; the 
points of L \ {z} that lie close enough to z all lie in 0,a)- So (14.17) holds. 

Finally assume that n = d+1 and Eq is a plane, and choose a connected component Qa 
of Qa- We already know that fif(ari^)n£^nC/ C Eoo, by (14.17) and because d^A ^ OQa- 
But conversely, if w G Eoo H U, we know that z = g~^{w) lies in Foo, and we get that 
z G dfl^ by the same argument as before. Proposition 14.16 follows. □ 

15. Uniform rectifiability and Ahlfors-regular Reifenberg-flat sets 

The main goal of this section is to study the local uniform rectifiability properties 
of locally Ahlfors-regular Reifenberg-flat sets of dimension d in R". This will allow us to 
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complete the proof of (14.7) and Theorem 14.1 after a small additional localization, but for 
the moment we shall find it more convenient to work with a simpler class of sets, because 
this will make our statements simpler and more scale- invariant. 

Definition 15.1. Let E C M"' be a nonempty closed set. We say that E is locally 
Ahlfors-regular and Reifenherg-Hat of dimension d (in short, E is a LARRF set) if there 
exist constants s > (always assumed to be small enough, depending on n and d) and 
Co > 1 such that for each x E E and < r < 1, there is a d-plane P = P{x,r) through x 
such that 

(15.2) d^,r{P,E)<e, 
and also 

(15.3) Cq- < H'^{E n B(x, r)) < Cqt'^ for x E E and < r < 1. 

We could define "LARRF up to scale tq", where we ask (15.2) and (15.3) to hold for 
x E E and < r < tq (but we can easily reduce to tq = 1), or "globally LARRF" (when 
(15.2) and (15.3) hold for all r), or even give a more standard and less uniform definition 
of "local", where for each compact subset K oi E, there is oxv tk > ^ such that (15.2) 
and (15.3) hold ioi x E K and < r < tk- The results below would still hold with the 
expected modifications, because they are local in essence. 

We decided to include the lower bound in (15.3) in the definition (because this is always 
included in the definition of local Ahlfors-regular ity ) , but we know from Lemma 13.6 that 
it follows from the local Reifenberg-flatness (15.2), and with a constant that depends only 
on n and d. 

Of course (15.2) is a rather strong condition, so it should not be a surprise that 
LARRF sets are locally uniformly rectifiable, with big pieces of Lipschitz graphs, as in the 
following statement. 

Theorem 15.4. Let E he a LARRF set, with e small enough (depending only on n and 
d). Then there exist constants 9 > and M > 0, that depend only on n, d, and Cq, 
such that for x E E and < r < 1, we can Gnd a d-plane P and an M -Lipschitz function 
F -.P ^ P^, such that 

(15.5) H'^{EnTFnB{x,r))>er'^, 
where Tp denotes the graph of F over P. 

Recall that P^ is the {n — d) -dimensional vector space orthogonal to P, that F is M- 
Lipschitz when \F{z) — F{w) \ < M\z — w\ for z,w E P, and that Tp = + F{z) ; z E P}. 

We refer to [DS3] and its references for general information about uniform rectifiability, 
such as the fact that if E contains big pieces of Lipschitz graphs as in Theorem 15.4, it 
has all sort of other interesting properties. We shall use one of them soon, the so-called 
geometric lemma. 
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For the proof of Theorem 15.4, it is tempting to try to prove that E satisfies the 
bilateral weak geometric lemma (BWGL) of Definition 1.2.2 in [DS3]. Recall that E satisfies 
the BWGL locally if for each e > 0, (15.2) holds for all x E E and < r < 1, except 
perhaps for a Carleson set of exceptional pairs {x, r). In fact, in view of the main theorems 
(such as Proposition II. 2. 2 in [DS3]), we only need to check this for one small e > 0. See 
Remark II. 2. 5 in [DS3]. However, unfortunately this small e seems to depend on the Ahlfors 
regularity constant Cq. Thus, if we want to apply Proposition II. 2. 2 in [DS3] directly to 
prove Theorem 15.4, we seem to be required to take e small enough, depending on Co, 
which we will not do. Other criteria from [DS3] seem to suffer from the same apparent 
defect. 

To be fair, it is probable that in this simpler case, the proof of Proposition II. 2. 2 in 
[DS3] goes through when e is small enough, depending only on n and d, but we prefer not 
to check this, even though this would be a reasonable option for the reader. 

Anyway we shall deduce Theorem 15.4 from Proposition 3 in [Dal], so we want to 
check that £^ is a local generalized Semmes surface, as follows. 

Lemma 15.6. Let E he a LARRF set, with e small enough (depending only on n and 
d). Then for x E E and < r < 10~^, there is an (n — d)-plane W through x such that if 
weset S = Wr) dB{x, r/2), then 

(15.7) dist(2, E) > r/3 for z E S 

and S is linked with E in the sense that there is no continuous function F : [0, 1] x R"^ — > R" 
such that 

(15.8) F{t, z) = z when t = or ^ e R" \ B{x, lOr), 

(15.9) F{l,z) eW\B{x,lQr) for z e E, 
and 

(15.10) F{t, z) eW\S when zeE andO<t<l. 

In other words, we cannot move E away without crossing S. Compare with Definition 3 
in [Dal]. Here W will be the plane through x which is perpendicular to P, where P = 
P{x,20r) comes from (15.2). Then (15.7) holds trivially if £ < 10~^, say, but we need 
some argument to show that S is linked with E. And for this it will be quite pleasant to 
use Theorem 12.3. 

By translation and dilation invariance, we may assume that x = 0, r = 10, and (15.2) 
holds for radii smaller than or equal to 10^. Then apply Theorem 12.3 with Eq = P = 
P(0, 200) and U = B{0, 102); the assumptions (12.1), (12.4), and (12.5) are clearly satisfied 
(but with the larger constant lO^e), so we get a biholder mapping : R"' — > R"- such that 
in particular 

(15.11) g{z) = z ioi z eW\B{0, 115) 
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(15.12) \g{z) -z\<Ce for z e W, 
and 

(15.13) E n B{x, 102) = g{P) D B{x, 102). 

Now we shall assume that we can find a homotopy F as in (15.8)-(15.10), and derive 
a contradiction. Define a new homotopy by setting 

(15.14) G{t, z) = F{t, g{z)) for < t < 1 and 2 G W. 
Observe that 

(15.15) \G{t,z) - z\ <Ce for ^ e M'^ \ S(0, 101), 

because g{z) eW\ B{0, 100) by (15.12), and then G{t,z) = F{t,g{z)) = g{z) by (15.8). 
Note also that 

(15.16) 1^(0, z)-z\^ \g{z) -z\<Ce for all z e 
by (15.8) and (15.12), and 

(15.17) 5f(^) e E for z e PnS(0, 101) 

because g{z) e -8(0, 102) by (15.12), and then g[z) e by (15.13) and because z G P. 
Then 

(15.18) G(l,^) eR"\5(0,100) for ^eP 

because either z e W^\B{0, 101) and this follows from (15.15), or else g{z) e E hy (15.17) 
and ^(1, z) = F{l,g(z)) e R" \ B{x, 100) by (15.9). Similarly, 

(15.19) G{t,z) eR^'XS for z e P 

trivially by (15.12) when z e R" \ S(0, 101), or else because G{t, z) = F{t,g{z)) eW\S 
by (15.17) and (15.10). 

Now the combination of (15.16), (15.18), and (15.19) on P is shocking, because it 
means that we can make P move away from -6(0, 10) without crossing S. We want to find 
a contradiction by constructing a homotopy from the identity to a constant or a mapping 
of even degree on the unit sphere, but let us first modify G slightly to make it cleaner at 
both ends. Since G{l,z) may not be smooth, we choose a smooth function G on P, such 
that |G(1, z) - G{z)\ <1 for z e P, and also 

(15.20) G'(^) = ^ for ^ e P\5(0,116). 
This last is easy to arrange, by (15.11) and (15.8). Also note that 

(15.21) G{z) eW\ 5(0, 99) for z E P, 
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by (15.18). We define a homotopy {Gt}, < t < 1, that goes from Go{z) = z to Gi = G 

by 

(15.22) Gt{z) = (1 - 3t)z + 3tG{0, z) for ^ e P and < t < 1/3, 

(15.23) Gt{z) = G{2,t - 1, z) for ^ e P and 1/3 < t < 2/3, 
and 

(15.24) Gt{z) = (3 - 3t)G(l, z) + {2,t - 2)G{z) for ^ e P and 2/3 < t < 1. 
Let us check that 

(15.25) Gt{z) eW\S for 2 e P and < t < 1. 

When t < 1/3, simply notice that \Gtiz) - z\ < \G{0,z) -z\<Ce by (15.22) and (15.16), 
so Gt{z) is far from 5" because dist(2, S) >b for z & P. When t > 2/3, \Gt{z) — G{1, z) \ < 
\G{z) - G{l,z)\ < 1, so G{z) G R'^ \ P(0,98) by (15.18) and G{z) is far from S. Finally, 
when 1/3 < t < 2/3, Gt{z) = G{3t -l,z) e W \ S hj (15.23) and (15.19); so (15.25) 
holds. Similarly, 

(15.26) Gt{z) = z ioi zeP\ P(0, 116) and < t < 1, 

by (15.11), (15.8), and (15.20). 

We want to define mappings from dB to itself, where dB = dB{0, 1) is the unit ball 
of W^, but first let us define a mapping (f : dB \ P ^ P x S . Let v G dB \ P be given. 
Write V — vi + V2, with w i G P and V2 E W = P^. Notice that f 2 7^ because v ^ P. 
Then set 

(15.27) (fii{v) = 5vi/\v2\ G P and (fi2iv) = -5v2/\v2\ e -S' 

(recall that S — W H dB{0,5) because r = 10), and (p{v) — {ipi{v), (p2{v)). Notice that 
(fii{v) - (f2{v) = 5v/\v2\, so 

(15.28) .= ^44^^ for.GaP\P 
We define mappings : dB \ P — > dB by 

(15.29) = .^'i^''";;-^';";, for o < « < i 

(we move (fi{v) in (15.28), according to our homotopy) and 

(15.30) H,iv) = ^(^i(^))-(2-^)^2(.) fo, 1 < , < 2 
^ ^ ^ ^ \G{cp^{v))-{2-t)cp2{v)\ - - 
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(now we contract S to the origin). The denominator never vanishes: in (15.29) because of 
(15.25), and in (15.30) because of (15.21). 

Next we claim that (t, v) Ht{v) has a continuous extension to [0, 2] x dB. When v 
is close enough to P, for instance as soon as \v2\ < 10~^, |v'i('f^)| = 5|t'i|/|f2| > 400, and 
hence Gt{(fi{v)) — (fi{v) for all t, by (15.26), and also G{(fi{v)) — (fi{v). Thus 

(15.31) H,{v) = for < f < 1 

I ^l(^^) -^2(^^)1 

and 

(15.32) H,iv) = V^i(^)-(2"%2(.^) for 1 < t < 2. 

Set p{t) = 1 for < t < 1 and p{t) = 2 - 1 for 1 < t < 2. Then (15.27) yields 

(15.33) H,{v) = for < t < 2. 

\Vi+ p{t)V2\ 

This map clearly has a continuous extension across dB n P (where only V2 tends to 0). 
Our continuity claim follows. 

Notice that for v edB\P, Hq{v) = [pi{v) - ip2{v)]/\ipi{v) - V2{v) \ = v hy (15.29), 
because Gq{z) = z ioi z e P (by (15.22)), and by (15.28). This is stiU true for v e dBDP, 
by continuity, so Ho{v) = v on dB, and we shall reach the desired contradiction as soon 
as we prove that H2 is not homotopic to the identity. 

Apparently we need to distinguish between cases. Let us first suppose that d < n — 1, 
set Z = H2{dB), and check that H'^{Z) < +00. Notice that near P, H2{v) = vi/\vi\ by 
(15.33), so the corresponding part of Z is contained in P fl dB. Far from P, H2{v) = 
G{(fi{v)/\G{ipi{v)\ by (15.30), so the corresponding part of Z is contained in the image 
of a compact subset of P (where fi{v) lies) by the smooth mapping z G{z)/\G{z)\ 
(see (15.21) and recall that G is smooth). Our claim follows. Now d < n — 1, so Z is 
strictly contained in dB, which means that it omits some small ball B'. But dB \ B' can 
be contracted to a point (inside dB), which implies that G2 is homotopic to a constant 
(among continuous functions from dB to dB), a contradiction. 

When d = n — 1, S is composed of two points, and it should even be more obvious 
that we cannot deform P across these points. The simplest at this point is to observe that 
by the discussion above H2{v) depends only on v\, i.e., is symmetric with respect to the 
hyperplane P; this forces its degree to be even (think about the number of inverse images 
at a regular point), and hence it is not homotopic to the identity (see [Du]). 

This contradiction with the existence of the homotopy F{t, z) above completes our 
proof of Lemma 15.6. □ 

Proof of Theorem 15.4. As we said before. Theorem 15.4 is now a consequence of 
Proposition 3 in [Dal]; the statement is not exactly the same, because in that reference, 
the set E is unbounded and the assumptions and the conclusions both hold for all a; e £^ 
and r > 0. However, the proof is local (the proof of (15.5) in a given ball B never uses 
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information on E\CB), and goes through in the present context. So Theorem 15.4 follows 
from Lemma 15.6. □ 



Remark 15.34. When n — d+l, our proof of Theorem 15.4 could in principle be simplified 
slightly. Even though the condition of Lemma 15.6 is supposed to be a generalization of 
the so-called Condition B, it is set up a little differently, which forced us to spend a little 
more time with topology than we should have. 

The global version of Condition B is that, for each choice oi x & E and < r < 
diam(i?), wc can find yi,y2 G B{x,r) \ E, that lie in different connected components of 
y jt;^ and also such that dist(yi, E) > C~^r for i = 1, 2. Thus the linking condition is 
a little simpler than in Lemma 15.6, because we just need to check that the two points of S 
lie in different components of R.^'^^ \ E. But the right way to localize this is to require that 
for some C > 10 and all a; e £■ and < r < C~^, we can find j/i, j/2 £ B{x, r) \ E, that lie 
in different connected components of B{x,Cr) \ E, and such that dist(yj,£^) > C~^r for 
i = 1,2. Unfortunately, most of the proofs of the fact that every Ahlfors-regular set with 
Condition B is uniformly rectifiable and contains big pieces of Lipschitz graphs ([Dal], [DJ], 
[DS2]) do not mention this way to localize, and the reader would have to use Theorem 3.5 
and the WNPC (weak no Poincare condition) in [DS4] to get a proof. Even that way, 
the statement says that C should be large enough, depending on the Ahlfors-regularity 
constant Co, and the verification would use Theorem 12.3. 

We now use Theorem 15.4 to prove that E satisfies a local form of the so-called 
geometric lemma. We allow all q < in the statement, but wc shall only use Q = 1. 

Corollary 15.35. Let E he a LARRF set, with e small enough, depending only on n and 
d. For each exponent q such that 1 < q < -^^2 ('^^ allow 1 < q < +oo when d = 1), there 
is a constant Cg — C{n, d, Cq, q) such that 



for X e E and < r < 1, where Pq{x,r) is still defined as in (1.15). 

This follows from the local version of the fact that Condition (C6) on page 13 of [DSl] 
implies Condition (C3) on pages 11-12 (in its Pq version mentioned there). As usual, the 
local version is not mentioned in [DSl], but the proof is the same. This is a magnified 
nonlinear version for sets of a result of Dorronsoro [Do] on the good approximation of 
Lipschitz functions by affine functions in most balls. 

Note that in the derivation of Corollary 15.35 from Theorem 15.4, the reader should 
only expect to get (15.36) for r < C~^; however this makes no difference because 



We stated (15.36) with a continuous integral because this is the way it shows up in 
[DSl], but an easy consequence of (15.36) is that 



(15.36) 





2^ 
t 



< C anyway, just because (3q{x,r) < C by (1.15) and (15.3). 



□ 



(15.37) 



y^^^^i^'"-) k>0;rk<r 



J2 (3q{x,TkfdH\y)<Cqf 



4 
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ioT X e E and < r < 1. Indeed (3q{x,rk) < 10^+'^/^/5g(a;, r) for r/- < r < lOrfe, which 
gives a control on the indices k such that r/- < r/10. For the last one, we just say that 

Proof of (14.7) and Theorem 14.1. Recall from the first part of (13.5) that Ji{x) = 
X^^^Q Tfc)^; so (14.7) is the same as (15.37) with q = 1 and r = 1/2 (and we just 
add a bounded term coming from k — 0). To be fair, we need to localize one more time: 
our set in Theorem 14.1 is not a LARRF set, but only satisfies (15.2) for a; e £^ fl t/+ 
and (15.3) for x & E such that dist(a;, U) < 3/2 (the smaller range comes from the lower 
bound, which we get from Lemma 13.6). Again, we claim that the proofs of the various 
theorems used above (namely. Proposition 3 in [Dal] and the result of [DSl]) go through 
in this context, with only minor modifications (we never use large radii or faraway points). 
Our proof of Theorem 14.1 is now complete. □ 

Remark 15.38. We announced earlier that the sufficient condition of Corollary 13.4 has 
the right flavor. Indeed, the Carleson condition (15.36) can be used to prove that the 
function Ji lies in BMOioc{E), and by the result of [DSl] it is satisfied for every locally 
Ahlfors-regular uniformly rectifiable set E. Thus it is a necessary condition for E to be 
(contained in) a bi-Lipschitz image of (or of Eq, since Eq is smooth). 

Our condition is not necessary and sufficient, because it is easy to build bi-Lipschitz 
images of for which Ji is not bounded. Even for d = 1, if is a logarithmic spiral 
centered at the origin, then J\ (0) = +00 by scale invariance but E is o. bi-Lipschitz image 
of the line. 

Let us also mention that a reasonably simple example of Jones and Fang [Fa] shows 
that we cannot take q = +00 in (15.36); this is why we prefer to take g = 1 in the 
statements above and the sufficient condition in Corollary 12.44 is a little further from 
optimal. 

We now state the regularity result for LARRF sets that corresponds to Theorem 14.1. 

Theorem 15.39. Let E be a LARRF set, with e small enough, depending only on n 
and d. For each r > 0, there exists K = K{n, d, Cq, t) > 1 such that for x E E and 
< r < 10~^, there is a d-plane P through x and a K -bi-Lipschitz mapping g : — > M"' 
such that 

(15.40) \g{z) -z\<Ce for z e , 

(15.41) g{z) = z forzEW\B{x,2r) 
and 

(15.42) H'^{EnB{x,r)\g{P)) <Tr'^. 

Indeed, let x E E and r > be given. By translation and dilation invariance, we may 
assume that x = and r = 20, and that the assumptions (15.2) and (15.3) in the definition 
of LARRF are satisfied for all radii p < 200. 
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Then apply Theorem 14.1 to E, with Eq = P(x, 100) and U = S(0,20); (12.1) is 
trivial and the assumptions (12.4), (12.5), and (14.2) follow from (15.2) and (15.3). The 
theorem gives a i^-bi-Lipschitz mapping g; (15.40) and (15.41) follow from (14.6) and 
(14.5), and (14.3) says that H'^{E n B{y, 1/2) \g{P{x, 100))) < t lor y e En 5(0,20). We 
cover E D B{x, r) = E D S(0, 20) by less than C balls B{y, 1/2) and get (15.42). □ 

Remark 15.43. Compared to most other results that are available for general (locally) 
uniformly rectifiable sets, Theorem 15.39 has a significantly stronger assumption, because 
Reifenberg-flatness is a quite strong regularity property in itself. Fortunately, the conclu- 
sion is also stronger. The main result of [DSl] says that the d-dimensional Ahlfors-regular 
set E C is uniformly rectifiable if and only if it has very big pieces of bi-Lipschitz 
images of R'^ into M"^, where m — Max(n, 2d + 1). See the condition (C5) on page 13 of 
[DSl], or equivalently (1.61) in Theorem 1.1.57 in [DS3]. This means that for each r > 0, 
there is a K > 1, that also depends on the Ahlfors-regularity and uniform rectifiability 
constants for E, such that for x E E and r > 0, there is a i^T-bi-Lipschitz mapping g 
from to g{M.'^) C M™" (and where we see M"' as embedded in MJ^ ii m > n) such that 
H'^{E n B{x, r) \ giR"^)) < rr"^. 

So the difference is not so enormous, but here we do not have to enlarge the ambient 
space (we can take m = n), and our mapping g has a bi-Lipschitz extension to MJ^. 

There is not so much difference in the proof either. In [DSl], the main part of the 
construction of g happens on a stopping time region, where we have good approximations 
of E by d-planes (as we have here automatically, by (15.2)), but also the approximating 
plane stays almost parallel to an initial one (which we do not assume here). The main point 
of the proof in [DSl] is a control on the number of stopping-time regions where we need 
to do this construction, and then a gluing argument to merge the different bi-Lipschitz 
functions into a big one. This is the part of the argument where some extra room may be 
needed, and one uses the larger space MJ^. 

In the present situation, we run the same sort of algorithm, except that we do not stop 
when the approximating planes turn. This is a little more unpleasant because we have to 
turn with the planes, but on the other hand we have a unique stopping time region and 
nothing to glue at the end. 

In an even more general situation (where E is just a closed set), P. Jones and G. 
Lerman [JL] proposed a more comprehensive stopping-time argument that would give 
some parameterization of large pieces of E. See the rapid description near the end of 
Chapter 2 in [Da2]. To our knowledge, this result is not published yet, but the present 
paper is also close to it in spirit. 

The situation for Chord-Arc Surfaces with Small Constant is a little better, because 
Semmes [Sel,2] showed that they contain very big pieces of small Lipschitz graphs (and not 
merely bi-Lipschitz images of M'^); his proof, like the proofs for general uniformly rectifiable 
sets, uses corona stopping time regions where E looks like a small Lipschitz graph. 

Remark 15.44: Approximating domains. Let us also say a few words about the 
locally Ahlfors-regular sets E of codimension 1 that satisfy Condition B. Suppose, to make 
things simple, that E is locally Ahlfors-regular (as in (15.3)), bounds exactly two domains 
ill and 0,2, and that there is a constant Ci > 1 such that, for x E E and < r < 1, we 
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can find yi G fii fl B{x, r) and ?/2 G ^^2 H B{x, r) such that dist{yj, E) > C^^r for j = 1, 2. 

Then there exists ^ > 0, that depends only on n, Cq, and Ci, such that for x E E, 
< r < 1, and j = 1,2, we can find a Lipschitz domain Vj C Oj fl B{x^r) such that 
m-^{E n ai/j) > See [DJ], where this is used to prove estimates on the harmonic 

measure on Q.j. 

For LARRF sets of codimension 1, the combination of Theorem 14.1 (or 15.39) and 
Proposition 14.16 gives the foUowing result. 

Proposition 15.45. Let E be a LARRF set of codimension 1, with e small enough 

(depending on n), and suppose that M"" \ E has exactly two connected components Oi 
and O2 . There exist a constant K > 1 (that depends only on n and the Ahlfors-regularity 
constant Cq in (15.3)) and, for each r > 0, A > 1 (that depends only on n, Cq, and t) such 
that the following holds. For x E E and r < 10~^, we can find two disjoint A-Lipschitz 
saw-tooth domain CIj^a C M", j = 1, 2, and a K-bi-Lipschitz mapping ^ : R"' — > R" such 
that, if we set Vj = g{il,j^A) for j = 1,2, 

(15.46) Vj C flj for j = 1,2, 

(15.47) dVindV2nB{x,r) C E, 
and 

(15.48) i?"-^ {E n B{x, r) \ [dVi n dV2]) < rr""-^. 

See Figure 3 near Proposition 14.16. Proposition 15.45 is deduced from Theorem 14.1 
and Proposition 14.16 just like we deduced Theorem 15.39 from Theorem 14.1. □ 

Compared to the result of [D J] , we get slightly uglier domains to approximate the Qj 
with (they are only bi-Lipschitz images of Lipschitz domains), but we get very big pieces, 
and we get a common piece of boundary which is accessible from both sides. This could 
perhaps be useful for problems related to elliptic PDE. 

Our bi-Holder mapping g could provide a way to approximate M.'^\E (when E is locally 
Reifenberg-fiat) by more regular domains contained in M"' \ E, just by taking images of 
R'* \ where Vj- is a tubular neighborhood of Eq. We shall not pursue this idea here. 
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